A Statistical Properties of RIPW Estimators

A.1 Setup and preliminaries

We will consider the more general setting in Section 3 since it nests the setting in Section 2.
For ease of reference, we state the framework here, along with the list of assumptions some of
which are weaker than those stated in the main text.

Suppose the i-th unit is characterized by potential outcomes Y;(1) = (Y;1(1),...,Y;r(1)),Y;(0) =
(Yi1(0),...,Y;r(0)), the treatment path W; = (W,...,W;r), and a set of covariates X; =
(Xi1,. .., Xir). The vector of time-varying treatment effects for unit ¢ is denoted by 7, =
(Tity -, mir) = Yi(1) — Y;(0). We treat covariates as fixed and consider {(Y;(1),Y;(0), W;) :

i € [n]} as a random vector (jointly) drawn from a distribution (conditional on {Xj; : i € [n]}).
We let P denote the joint distribution of the entire random vector {(Y;(1),Y;(0), W;) : i € [n]}
(conditional on {X; : i € [n]}) and E denote the expectation over this distribution.

The assignment model is characterized by the generalized propensity score defined as

The outcome model is characterized by {(m,v;) : i € [n]} where m; = (my1,...,mur),v; =
(Vits - vir),
1 n 1 T 1 n T
mi = BV (0)] = = > B[Ya(0)] = 7 > ENa(0)] + = > > E[Yi(0)),
i=1 t=1 i=1 t=1

Tit = E[Yi (1)] - E[}/it<0)]7

Vit = Tit — T*(f)

Let {(7;, f1:(0), 1;(1)) : i € [n]} be an estimate of {(m;, u;(0), ;(1))}. Further let m,; =

(mil, ce ,miT) and 1}1 = (ﬁila ceey ﬁiT)a where
1 n 1 T 1 n T
i £ f1ie(0) — - > i(0) - T > i (0) + T D> ia(0),
i=1 t=1 i=1 t=1

Fir = fir(1) — [ (0),
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T n
A A A St ~
Vig = Ty — E Tit -
t=1 i=1

The results in Section 2 are given by the special case where 7; = m;, m; = U; = Or.

Define the modified potential outcomes as
ifz((n = Yi(o) —m;, Yi(l) = Yz’(l) —m; — U,
and the modified treatment effects as
7i = E[Yi(1) — Y;(0)] = 7, — E[&1].

By definition,

n

3

SHEAS
SAEA

T*({):Z Tz‘tzz

t=1 =1 t=1 =1

Tit-

Then the modified observed outcome is Y; = (Y, ... ,ﬁ-T) where

Yii = Y/z‘t(l)VVit + Y/it(o)(l — W) = Y — iy — 03 Wiy

With a reshaped distribution IT on {0, 1}, the RIPW estimator is defined as

=

(W)
(Wi)

n T
#(II) £  argmin Z Z(ﬁt — =y — A\ — WiT)?=

T%Zi aFZt A¢=0 i=1 t=1

3

We will suppress £ from 7%(§) and IT from 7(IT) throughout the section.

Since 7(IT) remains invariant if we replace Y;; by Yi; — i/ — o} — A}, we assume that
Y;(0) = m; <= Y;(0) = m; — m,,
by setting 1/ = (1/nT) 311, 32,7, B[V (0)], 0f = (1/T) 3, (E[Yar(0)] — 1), and

A= (1/n) 32 (B[Ya (0)] — ).
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The accuracy of the assignment model and the outcome model for unit ¢ are defined as

Oni = VE[7:(W:) — mi(Wi)[2], 6,5 = \/E[Hmi —m;3 + (|5 — will3].

In the proofs, we need the conditional version of these measures

Agi = \/]Eﬂf"z‘(m) —m(Wi)l2 | 7], Ay = \/IE[H'th- —m|3 | ] + E[[[2 —vi3 | ).

We then define the unconditional and conditional average accuracy measures

By Markov inequality,

Ay =0p(d,), A, =0p(6,). (A.4)
Therefore, if we can prove the result only assuming A,A, = o(1) conditional on (7;, 1, ;)1 4,
we can prove it assuming that 6,8, = o(1) as in Section 3.

To be self-contained, we list all quantities involved in the DATE equationand the asymp-

totically linear expansion of the RIPW estimator. Let J = I — 1714 /T,

©; = I(W;)/7:;(W;),
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n < n <
=1 i=1 =1
1 n n
r,£2-> 6,Jw, TI,£2-) 6,JY,
-2 )

and
V; = @i{ (E[Twy] — 7" E[Cyw]) — (E[T,] — T*E[Ty]) " JW;
+E[Ty )W, J (Y - T*m> B[] (Y - T*m> }

This coincides with the definition in Theorem 2.2 when #; = w; and m; = 0, = O7.
Finally, we state the core assumptions, some of which are repeated and combined for ease
of reference and the rest of which are weakened. We start by restating the unit-specific mean

ignorability assumption.

Assumption A.1. For each i € [n],
E[(Y;(1),Y;(0)) | Wi] = E[(Y;(1), ¥5(0))]. (A.5)

Next, we combine the overlap condition for the true propensity scores (Assumption 2.2) and
that for the estimated propensity scores (Assumption 3.2) with the constant ¢ replaced by ¢, to

be more informative in the proofs.

Assumption A.2. There exists a universal constant ¢ > 0 and a non-stochastic subset S* C
{0, 1} with at least two elements and at least one element not in {O0r, 17}, such that

(W) > cp,mi(w) > ¢y, Yw € S*i € [n], almost surely. (A.6)

Lastly, we state the following assumption that unifies and weakens Assumptions 2.1, 2.3,

and 3.3.
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Assumption A.3. There exists ¢ € (0,1],

—sz {EI¥:IB +E[Y(0)3+1} = 0(n™?),

and

n

%Z {EHY I3+ E[[¥:(0 >H§} = 0(1).

We close this section by a basic property of the maximal correlation.

Lemma A.1. Let Z; = (Y;(1),Y:(0), X;) and f; be any deterministic function on the domain
of Z;. Then

n

ZVar[fz( Z)i

=1

Var

Zf@

Proof. By definition of p;;,

Cov (20, 1(2))) < pisyVarlFi(Z)Varlf5(2,)] < 22 {Varlfi(20)] + Vax{f;(Z))]}

Thus,

Zﬁ(z = Z Cov(fi(Z:), [;(Z))

< Z P tVar(f(2:)] + Var[f;(Z ZVar fi(Z2

2,7=1

Var

A.2 A non-stochastic formula of RIPW estimators

Theorem A.1. With the same notation as Theorem 2.2, T = N /D, where
N=T,,—T.T,, D=T,,Ts—T.T,. (A7)
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Proof. Let v = (A1,...,\) be any vector with 4v"17 = 0. First we derive the optimum
f(v, 1), &i(y, ) given any values of v and 7. Recall that

(/1(77 7—)) OAC”L(’Y) — arg mlnz <Z — — o — )\t _ mt7)2> @Z

> ai=0

Since the weight ©; only depends on 1, it is easy to see that

n

IS 1 a
ﬂ(77 ) + O‘z '77 Z - th) = _T Z - th)

n
t:l =1 t=1

As a result,
T

D (Vi = iy, ) = @y, 1) = Ao = Wigr)?

t=1

(% W) -

1,717 2

:

:H‘] (V= v - wir)

(ﬁ—v—Wﬂ

2
2

2

This yields a profile loss function for v and 7:

n

(4,7) = arg minz
Y r=0 i

2 n
O, = argmin E
2 ¥T1r=0 ;.

J(ffi—'r—Wﬂ)

where the last equality uses the fact that J4 = . Given 7, the optimizer 4(7) is simply the
weighted average of {.J(Y; — W;7)}?7_, in absence of the constraint v" 17 = 0, i.e.
> i, 0J(Yi-Wir) T, T,

A(r) = = -

> i1 ©i Ly Ty

Noting that 4(7) 17 = 0 since J17 = 0, 4(7) is also the minimizer of the constrained problem,
ie.

n

4(7) = argmin
7" 1r=0 ;

2
O;.
2

J(Yi-wir) =

o1



Plugging in 4(7) yields a profile loss function for 7

A direct calculation shows that
) 1 r,) ' . r, T
—= Y 7 A Y W) — —¥
2n n;@’< JW’+F9) (‘]( wir) F9+F9T)
! i@- TW, — Lo ' JW; — Lo ! i@» JW, — Lo ' JY - L
—n - % 7 Fe 7 Fe T n - i % F@ % F@
r'r r'r
— wa_ w w _ Fw _ wTY
{ Ly }T { YTy }

Since L(7) is a convex quadratic function of 7, the first-order condition is sufficient and necessary
]

to determine the optimality. The proof is then completed by solving L'(7) = 0.

A.3 Statistical properties of RIPW estimators with deterministic
(ﬁ.ia mi) ﬁl)
A.3.1 Asymptotic linear expansion of RIPW estimators

As a warm-up, we assume that (7;, m,;, ;)" are deterministic. This, for example, includes the

pure design-based inference where 7; = m; and m; = ; = 0. In this case, the measures of

accuracy can be simplified as

Ari = \/E [7(Wi) = m(W)l”, Ay = \/Hmi —my3 + |12 — will3. (A.8)

As a result, (A, Ay;) are deterministic.

We start by a lemma showing that L'g, Iy, I'yw, I'w, I'y concentrate around their means. For

notational convenience, we let Var(Z) denote E||Z — E[Z]||3 for a random vector Z.

Lemma A.2. Under Assumptions A.2 and A.3,
[E[La]| + [ELwyl| + [Elww]| + [[E[Lw]|[2 + [E[Ty][l2 = O1),
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and
Var(I'y) + Var(I',,) + Var(I'y,,) + Var(T',,) + Var(I'y) = O(n™9).

As a consequence,

D9 —E[Lo]|+ | Twy — ELwy] |+ | Tww — ELwwl | + || Tw —ETW] ||, + | Ty —ET,]|], = Op (n77?).
Proof. By Assumption A.2, ©; < 1/c, almost surely. Moreover, |[Wj||, < /T since Wy, € {0,1}.
Thus,

VT

T 1
||Fw||2 < e’ |Fww| < C_a |F9| < C_ = ]E”FwHQ +E|Fww| +E|F9| = O(D-

™ ™ m

Next, we derive bounds for (E[I',,])? and ||E[T,]||3 separately. For (E[T,])?,

(E[Fwy])Q S (% zn:E[szVzTJf/z]> S %zn:E[@iVVz‘TJffi]Q

ZIE (W,TJY;]? <— ZEHY||2

nc2

< = > {EIVO)3+EI%)3}

T =1

=0(1),

where the last step follows from the Assumption A.3. For [|E[T,]||3,

1 -
IE[T,][5 < —Z [0,JY])? < @Z ik

< LS [BIvo + Y]

™ i=1

=0(1),

where the last step follows from the Assumption A.3. Putting the pieces together, the bound

on the sum of expectations is proved.
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Next, we turn to the bound on the variances. By Lemma A.1,
% (r)<1iv ©)p < — i
ar — ar(9; )p; &~ ——= i
Trwg T eg 5

The Assumption A.2 implies that

1 ¢ _
22 =0,
i=1
Therefore, Var(I'y) = O(n™9). For Iy,

1< 1<
Var(Pu) < — > Var(0,W, JW;)p; < — > E(O:;WTW;)%p;
=1 =1

1 T < _
3.2 > E[Wi30 < szi =0(n™9),
T =1

T =1

IN

where the last equality uses the fact that [|[W;|ly < v/T. For T,

1 & - 1 & -
Var(Puy) < — > Var(O,W,"JY,)p; < — > E(O:;W] ;) p;
i=1 =1

) 1 «— .

< — Y E[IWill3- %] o,
T =1

@) T & B ) ~ )

< = > (BIGO)E +EIVO)) o
T =1

= owm),

where (i) follows from the Cauchy-Schwarz inequality and that ||.J||o, = 1, (ii) is obtained from
the fact that |W;||2 < T and Y; € {Y;(1),Y;(0)}, and (iii) follows from the Assumption A.3.

For I, recall that Var(I',) is the sum of the variance of each coordinate of I',,. By Lemma
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Al

Var(T'y,)

IA

1 & 1 ¢
5> Var(0:/W)pi < — > E[0.TW |3,
i=1 i=1

1 < T & _
ZEHVVzH%Pz < szz =0(n™).
i=1 i=1

n?c2 4 ,
For T, analogues to inequalities (i) - (iii) for Iy, we obtain that

1 - 1 < -
Var(Ty) < — ) Var(©:JY)pi < — > E[0.7Y |30
i=1 i=1

1
= 2.2
n2cz

> (BIY:WI3) + ENVO)I) ps = O(n7),

i=1

where the last step follows from the Assumption A.3.

Finally, by Markov’s inequality,

Ty~ BI00)| + [Py ~ BICw] + [T~ BT + [T ~ EITJ], + [, ~ BT,

=Op <\/Var(F9) + Var(I'y,) + Var(I'y,) + Var(T'y,) + Var(l‘y)> — Op(n~9?).

The following lemma shows that the denominator of 7 is bounded away from 0.

Lemma A.3. Under Assumptions A.3, regardless of the dependence between (7v;,m;, ;) and

the data,

D> (%i[(ﬂ&zmﬁ) (%iI(Wi:wz)),

for some constant cp that only depends on I1. As a result, D > 0 almost surely. If Assumption
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A.2 also holds, °
E[D] > ¢4 (c - = Zpl> . D> chc —op(l).
Proof. By definition,
n < n <

L 3" 06, (WIIW, + W) JW, - 2W JW,)

ij=1

1 n
=3 Y 004l (Wi = W))l:.

4,j=1

Let wq, ws be two distinct elements from $* with w; € {07, 17} and
1 n
- E mi(wg) > ¢, k€ {1,2}. (A.9)
n
i=1

This is enabled by Assumption A.2. Note that J(w; — wy) = 0 iff w; — wy = alr for some
a € R, which is impossible since w; ¢ {07, 17} and all entries of w; and ws are binary. In

addition, since IT has support S*, II(w; ), II(wy) > 0. Let

cp = min{II(w,), II(ws) }||J (w1 — w3)|]2 > 0.

Then
p>DY ! (W, W, )
zZ = = i — Wy, j = Wa
n2 2 7 (W), (W) ”

v

2 n
C
32 W= w, W, =w,)

ij=1

(igoen) (Emom)

A more rigorous version of the second statement is max{chc2 — D, 0} = op(1)
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where the second inequality follows from the fact that 7;(w) < 1. By (A.9),

1 & 1 <&
E E;I("Vizwk)] :ﬁzﬂ'i('wk)>cm ke {1,2}.

=1

Furthermore, by Lemma A.1,

Cov[ZI = w)), Z] ”

n

— % Z Cov(I[(W; =w,), [(W; = 'w2))'
< >~ | CovlI (Wi = wy), I(W; = w))|
< o > o Var (W = w) Var (1(W; = wy))

Putting pieces together, we obtain that
E[D] > &E ( ZI
= E|=) I(W, =
CD{ n ; (
+Co 1iI(W w). LS (W, = wy)
'V - i = y i =
n 4 AR 2

> ¢}, (C ——Zm)-

On the other hand, by Lemma A.1, for k € {1,2},

v
VRS
S|
N
=~
E
Il
g
Nl
N——
_

ar (% Z[(VVZ = wk)> < % Zpi =0(n"?) = o(1).
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By Markov’s inequality, for k£ € {1,2},

1< 1 <

— I(W; = =—Y P(W; = —op (1) > ¢y —op(1).

" ;:1 ( wi) = ;:1 ( wi) — op (1) = ¢x — op(1)
Therefore,

D > cp(ex — op(1))(cx — 0p(1)) > cpet — op(1).

O

Based on Lemma A.2 and A.3, we can derive an asymptotic linear expansion for the RIPW

estimator.

Theorem A.2. Under Assumptions A.2 and A.3,

D(f —71") = N, + % > (Vi —EW]) + 0 (n79),

where

Furthermore,

# =" = Op(IN.]) + Os(n~?).
Proof. Note that

D=7 =N =7'D.
By Lemma A .2

|(Fwy - E[Fwy])(re - E[FOM + ’(I‘w - E[Fw])T(Fy - E[Fym
S%{(Fwy - E[Fwy]>2 + (FG - E[FO])Q + Hrw - E[Fw]Hg + Hry - E[Fy”‘g}
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=Op (Var(T',,) + Var(I'y) + Var(T',,) + Var(T,)) = Op(n™9).

Let

Vi = 6, {E[l,] — EIT,]TIW; + E[0| W] JY; ~ E[L,|"JY; } .

Then,

N = EIE, B — B, TEE) + 3 (0 — BV + 0:n7),

Similarly,

D = E[Fww]E[Fg] — E[FW]TE[FHJ] + % i(Vl — E[Vlg]) + Op(n*q),

i=1

where
Vio = 0; {E[Lyu] — E[T,]" JW; + E[Ly|W,' JW; — E[[,] T JW, } .
Since VZ = Vil - T*Vig,

n

D — 1) =N — 7D = N. + % S (W — E[V) + Op(n”9).

This proves the first statement.

Next, we prove the second statement on 7 — 7*. By Lemma A.3, 1/D = Op(1). It is left to show
that

% > (Vi — EV) = Os(n7),

Applying the inequality that Var(Z; + Zy) = 2Var(Z,) +2Var(Z,) — Var(Z, — Zs) < 2(Var(Z;) +
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Var(Z,)), we obtain that

1
ZVar(Vil)
<Var (6;E[y,]) + Var <@i]E[F9]W/iTJf’;> + Var (@iE[I‘w}TJf/Z) + Var (O,E[T,]TJW;)

<E(OE[[,))> +E (@,;E[rg]mwifi)z +E (@iE[rw]TJYi)z +E (0BT, JW,)*
)1
<

c2

™

<= {(EBILw)? + (L) EIWIBE| Vi3 + B[] ZEI VIS + B JIZEIW:I3 }

{(@I0.)) + @I ROV 7%+ (BI0ITIY) + B (B W)

< {(BITw))? + T(EIT)’E| Vil + BT BEIV:I3 + TIELT, I3}

where (i) follows from the Assumption A.2 that ©; < 1/c¢, almost surely, (ii) follows from the
Cauchy-Schwarz inequality and the fact that [|J||,, = 1, and (iii) follows from the fact that
|[W;||3 < T. By Lemma A.2, we obtain that for all i € [n],

Var(Vi) < C1 (1+ E[%i[3) < € (1+EIV:(0)3 + EIY:(1)]3) (A.10)

for some constant C; that only depends on ¢, and T'. Similarly, we have that Var(V;y) < Cs for
some constant Cy that only depends on ¢, and 1. By Assumption A.3,

T 1 n

" = Zé} {ﬁ Z (E[Yz’t(l)] - E[Y; (O)D} =O(1).
t=1 1

=

Therefore,
Var(V) < 2Var(Vy) + 2(7)Var(Vz) < C (1+E|¥(0) 3 + B[ V(1) 3)

for some constant C' that only depends on ¢, and 7'. Since V; is a function of (Y;(1), Y;(0), X;),
by Lemma A.1 and Assumption A.3,

1 < 1 o _
Var (5 ;Vl) < 3 ;Var()/i)pi =0(n™).
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By Chebyshev’s inequality,
1 ¢ a2
- > (Vi —EWV]) = Op(n ).
i=1

The proof is then completed. O

A.3.2 DATE equation and consistency

Theorem A.2 shows that the asymptotic limit of D(7 — 7*) is N,. For consistency, it remains
to prove that N, = o(1). We start by proving that the asymptotic bias is zero when either the

treatment or the outcome model is perfectly estimated.

Lemma A.4. Under Assumptions A.1, A.2, and A.3, N, = 0, if either (1) Ay = 0 for all
i €[n], or (2) Az; =0 for alli € [n], and II satisfies the DATE equation (2.14).

Proof. Without loss of generality, we assume that 7* = 0; otherwise, we replace Y (1) by

Yi:(1) — 7* and the resulting 7 becomes 7 — 7*. Then
N, = E[l',]E[ly] — E[L',] "E[T,].

It remains to prove that N, = 0. Since (7;, m;, v;) are deterministic, by Assumption A.1 and
(A1),

n

B[l = S EOW] IV = 3 BO.W] J{¥i(0) + diag(W) (i(1) - %i(0))}]

1 — N 1 —
:-E E[©,JW;] 'E[Y; —§ E[O,W." J diag(W;)|7.
n < [@lj l] [ 1(0)] + n 4 [@z i Jdlag( Z)]TZ

Similarly,

61



As a result,
_ % D {E[©:JWIE[T)] ~ E[OE[T.]} " E[Y;(0)]

1 n
+ =Y {E[O,W," ] diag(W,)|E[Ty] — E[T,] "E[®; diag(W;)]} 7. (A.11)
n
i=1
If Ay, =0, m; = m,; and »; = v;. Since we have assumed 7 = 0, 7; = Or. By (A.3),
E[Y;(0)] = O7. It is then obvious from (A.11) that N, = 0.
If Ay; =0, ; = m; and thus for any function f(+),

EOSW) = S 0 plawm(w) = Ewon (W) (A12)

As a result,
E[©;JW;| = Ew.n[/W] =E[l,], E[©; =1=E[[,
and
E[O,W,J diag(W;)] = Ew~u[W J diag(W)], E[O; diag(W;)] = Ew~u[diag(W)].
Then
E[6;JWI]E[ly] — E[6;]E[l'y] = Ew.n[/W] — Ew.n[/W] =0,
and by DATE equation,

E[©;W, J diag(W;)|E[ly] — E[T,]"E[O; diag(W;)]
= Ew.n|[(W — Ew.u[W])"J diag(W)]

= Ew.n|[(W — Ew.u[W]) JW]E'.
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By (A.11) and (A.2),
N, = % ;EWNH[(W —Ew.n[W)) W',

= Ew.n[(W — Ew.n[W)) W] (% > 5Tﬁ>

= Ew-n[(W — Ew.a[W]) " JW]r* = 0.

O

Next, we prove a general bound for the asymptotic bias N, as a function of (Ay;, Ar) .

Theorem A.3. Let IT be an solution of the DATE equation (2.14). Under Assumptions A.1,
A2, and A.3,

N =0 (A,A,).

Proof. As in the proof of Lemma A .4, we assume that 7* = 0. Let

I1(W. -
(W) Y =Y, —m, — diag(W,)v;.

Further, let T and T'%, be the counterpart of I'y and T, with (8;,Y;) replaced by (0%, Y;*).
For any function f : {0,1}7 — R such that E[f*(W;)] < C) for some constant C; > 0, by
Cauchy-Schwarz inequality,

E[O,f(W;) — ©; f(W;)] = E[(0; — ©}) f(W,)] < /CI\/E (6, — 67)°

- ﬁ\/nz e W) - mW| < YA (A1

™

Thus, there exists a constant C5 that only depends on ¢, and T such that

[E[©;] — E[6]]| + [E[0:;JW;] — E[0; JWi]|> + |E[O;W;' ] diag(W;)] — E[O;W;' J diag(W/)]||.

+ [E[©; diag(W;)] — E[6; diag(W;)][lop < CoAr.
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By triangle inequality and Cauchy-Schwarz inequality, we also have
B[] — B3] + IET) — BTl < 2 37 A < GAA,.
[t
On the other hand, by Lemma A.2, there exists a constant C3 that only depends on ¢, and T,
[E[L] + [[E[Lu]ll2 < Cs.
Without loss of generality, we assume that
Cy > 14+ VT > 14 |Ew~u[/W]|s = E[0]] + |E[O] JWi]||2.
Putting pieces together,

E[0,JWIIE['] — E[O,]E[Ly] — (E[O] JWIIE[;] — E[O]]E[L,])

< |[E[6;JW;] — E[6; JW}]| - E[Ty] + |E[©;] — E[O]]

L]l
+[E[Ty] — E[TF)] - [E[O; TWi]|l2 + [|E[T.] — E[T]]| - E[©]]

< 20305 (A + Ay).
Similarly,

E[©;W," J diag(W;)]E[['y] — E[T",] E[0; diag(W;)]
— (E[0; W, J diag(W;)|E[T;] — E[T';) "E[©] diag(W;)])

< 20305 (Ari + A).
Let
! Z [E[0; JWIE[T}] - E[O:]E[T, ]} E[Yi(0)
LS (mOr W dia WO EL) - Bl ding(W,)) .
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Using the same arguments as in the proof of Lemma A .4,

E[6; JW,E[T}] — E[O]]E[T,] =0,
and

E[O;W;' J diag(W))|E[[j] — E[I';] ' E[6] diag(W;)] = Ew~u[(W — Ew.a[W]) JW]¢".
Then

= %ZEWHKW —Ew-u[W)) IWIE'F = Ewn[(W — Ewn[W]) JW]r* =0.

This entails that

L 20sC i i
N =|N. - N| < = ZZ Agi 4 A7) ([[E[Y:(0)][|2 + [|7:l2)-
=1

By (A.1), (A.2), and (A.3),

IEY; Oz + 1 Flle = [l — milla + |2 — il < 24,

Since (1/n) > " | Ay < \/ 1/n)Y 0, yz,

4C5C; ] o
TN (At An)A, = 4CCAA,,

i=1

|N,| <

The proof is then completed. O

A.3.3 Asymptotic inference under independence

Theorem A.2 and Theorem A.3 imply the following properties of RIPW estimators.

Theorem A.4. Let IT be an solution of the DATE equation (2.14). Under Assumptions A.1,
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A2, and A.3,

If, further, ¢ > 1/2 in Assumption A.3 and AA, = o(1/y/n),
1 n
D-Vilr—7) = —= 3 (Vi —E, 1).
\/E(T T ) \/ﬁ o~ (VZ [Vl]) + O[p( )

Recalling (A.8) that (A, A,;) are deterministic, A, A, = E[A;A,]. Since Assumptions A.2
and A.3 generalize Assumptions 2.1-2.3, Theorem A.4 implies Theorem 2.1 and 2.2. Similarly,
Theorem 3.1 is implied by Theorem A .4.

Throughout the rest of the subsection, we focus on the special case where {(Y;(1), ¥;(0), X;) :
i € [n]} are independent. In this case, Assumption A.3 holds with ¢ = 1 > 1/2 and thus the
asymptotically linear expansion in Theorem A.4 holds. To obtain the asymptotic normality and
a consistent variance estimator, we modify Assumption A.3 as follows.

Assumption A.4. {(Y;(1),Y:(0),X;) : i =1,...,n} are independent (but not necessarily iden-
tically distributed), and there exists w > 0 such that

U g +mrgoE- | <on,

To derive the asymptotic normality of the RIPW estimator, we need the following assumption

that prevents the variance from being too small.

Assumption A.5. There exists vy > 0 such that

1 n
2 A
= — ;) > vg.
0" = ;1 Var(V;) > v

The following lemma shows the asymptotic normality of the term \/iﬁ Yo (Vi — E[V)).

Lemma A.5. Then under Assumptions A.2, A.J, and A.)5,

dr (ﬁ (ﬁ En:(vi — E[VA)) , N (0, 1)) — 0,

=1
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where L(-) denotes the probability law, di denotes the Kolmogorov-Smirnov distance (i.e., the

loo-norm of the difference of CDFs)

Proof. Since (7r;,™m;, ;) are deterministic, by Assumption A.4, {V; : i € [n]|} are independent.

Recalling the definition of V;, it is easy to see that Assumption A.4 implies
1 - 24w
EZEWA =0(1). (A.14)
i=1
By Assumption A.4,

24w

=0 (n_w/2) =o(1).

ZE‘\/%

The proof is completed by the Berry-Esseen inequality (Proposition A.1) with g(z) = z¥. O

Let V; denote the plug-in estimate of V;, i.e.,

Vi = @i{ (Tuy = L) = (T = 703) T W, + ToW, I (Vi = #W;) = TLJ (Yi - 7W;) }

(A.15)

We first prove that V), is an accurate approximation of V; on average, even without the indepen-

dence assumption.

Lemma A.6. Let IT be a solution of the DATE equation. Under Assumptions A.1-A.3,

%Z(]}l — VZ)Q = 0]}»(1), ’l,f AﬂAy = 0(1)
=1

Proof. Let

V= @,{ (Twy — T Tow) — (Ty — 7°T) " JW; + ToW,"J (m - T*W) —-T,J (Y - r*‘%) }

(]

Then

~

Vi— Vi = (7 = )0 — Dus + TLIW; = T,W, W, + T JW;}.
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Under Assumption A.2, there exists a constant C' that only depends on ¢, and T such that
V=V <Cli — 7.
By Theorem A .4,
- Z (Vi = V)? = O((7 = 7)%) = 0s(1) (A.16)
Next,
ViV = @z{ ((Tuy = E[Cuy]) = 7 (Cuw — E[Tuu]) = (T, = E[L,]) — 7°(Ty — E[LL)) " JW;
+ (o — B )W, (Vi = 7'W;) = (T, ~ E[Lu)) T (Vi = 7 W) }

By Jensen’s inequality and Assumption A.2,

< iQ > {(Fwy — E[Luy))” + (T — E[Lwu])* - 7% + (T — E[L,))5 - [ TWi]3

+ (T = BT 3 - /(% = 27 W) 13 + (T — E[a])? (W7 (¥ - T*Wi))Q}

2
Cr

= i{(Fwy - E[Fwy])2 + (Copw — E[Fww])z T 4 (T, — E[Fy])ng T
+ (T —E[TL))]53 - ZH i — 2T W) I3
+[[(Tg — E[Le]) |13 - ZHY— *W||2}

By Lemma A.2
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By Markov’s inequality,
1 - \ 5/ 2
o Z(Vz = V)" = op(1). (A.17)
i=1

Putting (A.16) and (A.17) together, we obtain that

- Z Z{ Vi = V)> + (V] = V)*} = op(1).

" 2
o (G
This yields a Wald-type confidence interval for DATE,

N

Ol—a = [72 - Zl—a/Q&/\/ﬁD7 7+ Zl—a/Qa-/\/ﬁD]a (Alg)

where z, is the n-th quantile of the standard normal distribution.

Theorem A.5. Assume that A, A, = o(1//n). Under Assumptions A.1, A.2, A.J, and A.5,

liminf P (T* € C’l_a> >1-—a.

n—oo

Proof. By Theorem A.2, Theorem A.3, Lemma A.5, and Assumption A.5,

D-/n(7 —1* 1 ¢
\/ES' ™) _ = zZI(V E[V;]) +op(1) A N(0,1) in Kolmogorov-Smirnov distance,

As a result,

(s

o D)oo (o D) 1) o
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where @ is the cumulative distribution function of the standard normal distribution. Let

azziiE(Vi—%ij[ViQ :%ij[VE]—GXn}E[m]) -

Clearly, 02 is deterministic and

2
1< 1<
i=1 i=1

It remains to show that

By continuous mapping theorem,
2 (zla/g : 3) “1520 (21 0p- ) =121 -0,
o o

which completes the proof.

Now we prove (A.22). By Proposition A.2 and Jensen’s inequality,

. Lheo/2 .
ESS 07—V < SRR BRI
2::/2 n - 92tw/2 T
< 2 Y EIVP+EDER) < 20 S R[]
i=1 =1
By (A.14),
gLy or—mpa| <o
n =1
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By Markov’s inequality,
1y 0 2
LS 0 V) = (1),
i=1
Similarly, we have that
1 n
i=1
In addition, (A.14) and Hélder’s inequality imply that
Ly mpt—om. Ly EmI-on
n on i=1 l .
As a result,
IS v oo, LSvi- o),
e Z Con i=1

By Lemma A.6, (A.25), and Cauchy-Schwarz inequality,

n

2 — . 1 3

=1

I, 1
Egvf—ﬁ;ﬁ

< QJ %de %znjoz VP S (- W) = on(1),

=1 =1

Similarly,

() (5

71

(A.23)

(A.24)

(A.25)

(A.26)
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By (A.23), (A.24), and (A.25),

2
Lo IRS 2
— C— - Vi| — =op(1). A28
v (3v) ot e a2
Putting (A.26) - (A.28) together, we complete the proof of (A.22). O

A.4 Inference with deterministic (7;, m;, ;) and dependent assign-
ments across units

Recall Theorem A.4 that
1 n
SR
This is true even when (Y;(1),Y;(0),X;) are dependent as long as Assumption A.3 holds.

If V;’s are observable, a valid confidence interval for 7" can be derived if the distribution of

(1/4/n) " (Vi = E[V;]) can be approximated. Specifically, assume that

1 "V, — E[V;
(1/vn) 32, (Vs _ Vi) 4, N(0,1), (A.29)
J(l/n)Var[Zizl Vil

and there exists a conservative oracle variance estimator 6** based on (Vy,...,V,) in the sense
that

1 TV

WImVaca Y 1 4 o). (4.30)

o

Then, [T — 21_4/20" /0D, T + 21_4/20" //nD] is an asymptotically valid confidence interval for
7*. Of course, this interval cannot be computed in practice because V; is unobserved due to the
unknown quantities including E[I'g], E[T',], E[T')], E[I'yw], E[l'w,], and 7*. A natural variance
estimator can be obtained by replacing V = (Vy,...,V,) with y 2 (]>1, . ,)}n) in 6*2. The

following theorem makes this intuition rigorous for generic quadratic oracle variance estimators.

Theorem A.6. Suppose there exists an oracle variance estimator 6** such that
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(i) %2 = VT A,V /n for some positive semidefinite (and potentially random) matriz A, with
[Anlop = Or(1);

(1) 6*% is conservative in the sense that, for every n in a neighborhood of «,

' > Zln/2) <

n—00 o*

iy |/ 0~ BV

(iii) 1/6** = Op(1).
Let 6% = \)TAnv/n and

N

Cl—a = [72 - 21_0/26/\/52), T + zl_a/gﬁ/\/ﬁD].

Under Assumptions A.1, A.2, and A.3 with ¢ > 1/2, if II be an solution of the DATE equa-
tion (2.14) and A;A, = o(1/y/n),

liminf P (7’* € 01701) >1—a.

n—oo

Proof. By Lemma A.6,

1, 1 e
V- V|3 = - D> V= Vi)? = op(1).

=1

Since A, is positive semidefinite, for any € € (0, 1),

(1—€)5*2— (% - 1) %(V—V)TAn(v—V) <62 < (146" + (% - 1) %(\)—V)TAn(v—v)
Thus, for any € € (0, 1),
P (6% ¢ [(1—€)d*% (1+€)5*]) = o(1).
By condition (iii), the above result implies that
g - 1‘ = op(1). (A.31)
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By Theorem A .4,
D. \/ﬁ(f' — 7'*> = % zil(vl — E[VZ]) + 0[@(1).

It remains to show that

lim P (’ (1/y/n) >, (Vi — E[VI])

n—o0 o

‘ > Zl—a/2) < a.

Let n(e) be the quantity such that z;_y)/2 = 21-a/2 - (1 — €). For any sufficiently small € such
that n(e) lies in the neighborhood of « in condition (ii),

p(|UL/MELV BV, )

(| UAPEL V)

<P<‘<wﬁ>z”v E[V ’ 6)/5 P(igl_e).

By (A.31), when n tends to infinity,

lim P (’ (1/y/n) 35, (Vi — E[Vi])

o

‘ > Zl—a/2) < n(e).

n—oo

The proof is completed by letting ¢ — 0 and noting that lim. o 7(e) = a. [

When W;’s are independent,

n

1 _
A*2 o 2
& n_1§j(vl V)2,

=1

Thus, A, = (n/(n —1))(I, — 1,12 /n). Clearly, the condition (i) is satisfied because || Ay |lop =
n/(n —1). Under the assumptions in Theorem A.5, the condition (ii) is satisfied. Moreover,

*2 converges to 07 > o2 > 0, and thus the condition (iii) is satisfied.

we have shown that &
Therefore, Theorem A.5 can be implied by Theorem A.6.
When V;’s are observed, the variance estimators are quadratic under nearly all types of

dependent assignment mechanisms. With fixed potential outcomes, Theorem A.G applies to
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completely randomized experiments [Hoeffding, 1951, Li and Ding, 2017}, blocked and matched
experiments [Pashley and Miratrix, 2021], two-stage randomized experiments [Ohlsson, 1989],
and so on. Below, we prove the results for completely randomized experiments with fixed
potential outcomes to illustrate how to apply Theorem A.G. The notation is chosen to mimic

Theorem 5 and Proposition 3 in Li and Ding [2017].

Theorem A.7. Assume that (Yi(1),Yy(0)) are fized, and 7; = m; as in Section 2 (while
(Mir, Uit) are allowed to be non-zero). Consider a completely randomized experiments where the
treatment assignments are sampled without replacement from Q possible assignments {wpy, ..., wio }
with ng units assigned wyg. Let I1 be a solution of the DATE equation (2.14) with support
{wpy, ..., wiq}, and Vi(q) be the “potential outcome” for V; where (Y, W) is replaced by
(Yie(wige), wigie), i-e.,

Vilg) = %{ (B[] — 7E[Cun)) — (E[D,] — 7E[L) T Juy

+ E[TyJw], ] (&;(q) - T*w[qo ~E[T,]"J (f’E(Q) - T*wm) }

and f’;(q) = (Y;l(w[q],l) — Mj — Wi, - -, Yir(Wygr) — Mir — w[q],lﬁiT). Further, for any

qgr=1...,Q, let

n

>0 =V Sy = 5 > M(a) — V) r) ~ V().

1
n—1

2=

q

where V(q) = (1/n) Y7, Vi(q). Define the variance estimate 62 as

Q

R n 1 ~
62 = g —qsi, where 33 = E (Vi
n ng—1

q=1

i:wi:w[q] q i:wiZ’LU[q]

s
I
<
—~
X
SN—
SN—
[\
b
—
=)
SN—
I
=

Further, define the confidence interval as

N

Ciea = [T — Z1—a/25/\/ﬁp,f' + zl_a/gﬁ/\/ﬁp].

Assume that
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(a) Q@ = O(1) and ny/n — w, for some constant w, > 0;
(b) for any q,r=1,...,Q, Sg and Sy have limiting values 5*2, Sors
(¢) there exists a constant ¢, > 0 such that Zqul TSy > Cr;

(d) there exists a constant M < oo such that max; ,{||¥;(q)|l2} < M.

Then,

liminf P (T* € C’l_a> >1—a.

n—oo

Proof. By definition, for any i # j € [n] and ¢ # r € [Q)],

-1 ,
P(W; = wy,) = % P(W, = W, = wy) = % P(W; = wyy, W; = wy) n(?;qn ;
For any functions f and g on [0, 1]7,
< TL < n,
Z —Hf(w),  Elg(Wj)] = > —g(wig),
q=1 q=1
@ n < n
E[f2(Wi)] =) —2f(wy), Elg’(W;)]=> ~Lg*(wy),
q=1 q=1
and
Q n,
E[f(W)g(Wi)] =~ f(wig)g(wy)
q=1
Q nq Ngny
E[f(W, ; n(n — 1 fwig)g(wyg) + ; - 1>f(’ww1)g(w[r1)




— (n — (n—1
Q 1 Q n @ n
Z Eq wig) + — (Z gqf(w[ )) <Z —g(’LU[r])>

::—nilmwamma%n—Ewa%nmwwmb

- ! - Cov(f(Wh), g(Wy)
By Cauchy-Schwarz inequality,

|<3ov< (W), (W) < 571——|<zov< <‘4c>,g<w»e>>

W,)|Var[g(W, W;)[Var[g(W;)].

This implies that
< 1 = p; <2
P =01 pi= =

It is then clear that Assumption A.3 holds under the condition (d). Further, since 7r;(wg) =
m;(wy) = ng/n, the condition (a) implies Assumption A.2 and that A;A, = 0. On the other
hand, Assumption A.1 holds because W, is completely randomized. Therefore, it remains to

check the condition (i) - (iii) in Theorem A.6 with

Q
Z ,  where sfzn 7 Z Vi =V(9))*, V(g Z Vi.

q=1 i:wi:'w[q] LW = Wig

3|3

In this case, A, is a block-diagonal matrix with

T
nq 1nq 1nq
An,Iq,Zq = Inq - |
ng—1 Ng

where Z, = {i : W; = wjg}. As a result,
n
4l = mae 1 = O().
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Thus, the condition (i) holds. The condition (ii) is implied by Proposition 3 in Li and Ding
[2017] and the condition (iii) is implied by the condition (c¢). The theorem is then implied by
Theorem A.G. O

A.5 Inference of RIPW estimators when 4,6, # o(1//n)

In this section, we study the asymptotic inference on the RIPW estimator when one of the mod-
els is globally misspecified. Doubly robust inference is hard even for cross-sectional data [e.g.
Benkeser et al., 2017]. Here, we focus on a practically relevant case where the researcher fits para-
metric models for both assignments and outcomes. Specifically, we consider a parametric family
fr(w, X;) for m;(w), gi.g,(X;) for my, and hy 4, (X;) for vy, where k € R ¢, € Rt 1, € Rt
are parameter vectors to estimate. We impose the standard regularity conditions on these para-

metric families.

Assumption A.6. (a) 1/f.(w;x) is bounded away from zero uniformly over (k,w,x);
(b) ||V2 fu(w; )| is uniformly bounded over (k,w,x);

(c) V3,96, (@)l + V2, hep, ()| is uniformly bounded over (¢, ¥y, x,t).

To ease notation, we denote by ¢ (resp. 1) the concatenation of ¢4, ..., ¢ (resp. ¢y, ..., ¢¥r)

and by @ the concatenation of K, ¢, 1». We assume that 6 has an asymptotically linear expansion:

Assumption A.7. For some pseudo parameter @',
. 1 <&
0=0+— C; + op(n~ '),
- ; p(n” /%)

where C; is a function of (Y;, W;, X;) that has zero mean and bounded second moment.

When (Y;(1), Y;(0), W;) are independent or weakly dependent, Assumption A.7 holds under
standard regularity conditions [Fan and Yao, 2003, Wooldridge, 2010] with root-n rate. In
particular, |0 — @'|| = Op(1//n).

Let K/, @}, 1, denote the corresponding elements of 8’. Further let

m(w) = fu(w, Xi),  my = grpi(Xi),  Vip = huy (X5). (A.32)
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We say the assignment model is correctly specified if
mi(w) = w(w), (A.33)
and the outcome model is correctly specified if
L ovi=U. (A.34)
When one of these two models is globally misspecified and the other one is correctly specified,
620, = O(1/v/n).

Thus, Theorems 3.2 and 3.3 do not apply. Nevertheless, we prove that the RIPW estimator
remains asymptotically linear though an additional term is added to V; to account for the
estimation uncertainty of 6 under the assumption that units are independent. We leave the
general dependent case for future research.

Since the result is very complicated, we first define several quantities. Let Iy, T%,,,, T, T, Ty,
©,., Y}, be the counterparts of I'g, L'y, Ly, Ty Ty, ©5, iy with (7r;, ™y, ;) replaced by (7], mi, v)).
Further let

-v¢1gl,¢'1 (X5) 0 e 0 i
L= V,.log fu (W, Xi), Gi= ! V¢zg27.¢’2<Xi) 0 |
i 0 0 o Vergre, (Xi) |
and
(VI (X)) 0 . 0
go| 0 U)o 0
0 0 o Vigphry (X))

For any vector v that has the same dimension as 0, let P, (v), Py(v), Py (v) denote the subvectors
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corresponding to the positions of kK, ¢, in 8. We define A and B as two vectors such that

Pu(A) = - S { ~ E[OLLJEIT,,] ~ E[OLW, VB[] + EIO(LY; T[T,
=1

+ E[6/L,W, JIE[T;) |

Po(d) = L 3" (EI0/GIEIT, ]~ ElO,GTWIEIT,)

Py(A) = = S (B[O H, diag(W;) JIE[T',] ~ [} H diag(W,) JW,JE[T]}

i=1
and
1 n
Pu(B) == (2E[6;L;W;" JW;|E[T,| — B[O, L;]E[T,,,] — E[6,L;W," JW;|E[T}])

n <
=1

Py(B) = Py(B) = 0.

Theorem A.8. Assume that (Y;(1),Y;(0), W;, X,) are independent. Further assume that either
(A.33) or (A.34) holds. In the setting of Theorem 3.2, under Assumptions A.6 and A.7,

D VA(HT) = ) = <= S+ 14~ BV +on(1/ Vi),

if either the assignment model or the outcome model is correctly specified. Above, V] is defined

as in Theorem 3.2 with (7c;, My, 1;) replaced by (7}, m}, v)) and
Z/{i = <CZ, A — BT*> y E[Z/[l] = 0,

where A and B are defined above.

Remark A.1. To make inference, we can replace A, B, and C; by their plug-in estimates. It
is straightforward, though tedious, to prove that the plug-in variance estimator is consistent.
Importantly, this does not require the researcher to know which model is misspecified apriori.
Here we present a proof sketch to illustrate why this is true. First, we can define an oracle RIPW

estimate 7/ with the model estimates (A.32). Under Assumptions A.6 and A.7, we can derive
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an asymptotically linear expansion of \/n(7 —7’) via the Taylor expansion. These estimates are
deterministic and 5;5_; = 0 if (A.33) or (A.34) holds, we can apply Theorem A.4 to obtain an
asymptotically linear expansion of y/n(7' — 7*) where the influence function can be estimated
consistently without knowing which model is misspecified. Adding up two asymptotically linear

expansions yields our result.

Proof. Write 7 for 7(IT). Further let

. N
2

=5 N’:P;Uyr;—r;jr;, D=1 I,—TT.

We will show that

N:N’+<A,é—9’>+op (%) D:D’+<B,é—0’>+01p (%) (A.35)

Under (A.35),

D/t - 7) =ﬁ(N—N'§) _ Jﬁ(N—N’—N’D;/D,)

— VAN =N —#(D—D')) = <A ~ B#,\/n(0 - 9’)> +op (1)

It is easy to see that the assumptions of Theorem A.4 are implied by independence, Assump-
tion 3.3, and Assumption A.6. Since 7’ is the RIPW estimator with deterministic (7r;, m;,v;),

Theorem A.4 implies that
7 =71"+ op(1).

By definition and Assumption (A.3), ||A|| + || B]|| = Op(1). Under Assumption A.7, |6 — 6’| =
Op(1/4/n). Together with Assumption A.7, it implies

D - \/ﬁ(f'—f'/> = <A—BT*,\/E(0A—9/)> -+ op (1) = %iuz—i—qp(l)
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By Theorem A.4 again,
1 n
Dovi# —7) = — S (V —E]V ).
Vit =7 = —= ;(Vz Vil) + oe(1)
Combining the two pieces yields the desired result.

Now we turn to proving (A.35). By Assumption A.6,

r H(VVZ> o H(VVZ) ey o 1A _ p'l2
0 =6 = x) T x) — O ek KD+ 010 -0 (A.36)

where the O(1) terms are uniformly bounded across all units. By (A.36),

12" 1
;. / ~ /
FQ—FO——<5 - @iLi,K,—Kz>+0]p> <_\/ﬁ>

Similar to Lemma A.2, we can show
I 1 & 1
— L, = — E[O)L; — .
DLEEIRC 1+ 00 (=)
Thus,
[y —T) =— lXn:]E[G)’L-] k—kK )+o = (A.37)
T e T i) |

Using the same argument, we can prove that

1 1
Loww — Ty = — <ﬁ Z]E[@;Liufiij], i — ,g’> + op (%) : (A.38)
i=1

and

1 1
r,-T,=—(-Y EOLW'J,k—~ — A
w—T, <nz CARANINZ n>+oﬂm(ﬁ>, (A.39)
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where we define (A, b) to be ATb for a matrix A and vector b. In particular,

1
Iy —T Fypw — IV L, -I'||l=0p|—|.
o= T+ [P = Tl + P = T4l = O (12

Putting (A.37) - (A.39) and Lemma A.2 together, we have

/ 1
= [T = ) 4 Ty(Cuw — Tl) = 20 (B = ) 400 (-

[T, )T = Tp) + BT (T — ) — 2B, (T, — TY,) + 0 (%)

()

By definition of B,

D—D’:<B,é—0'>—|—01p (%)

This proves the second part of (A.35).
To prove the first part of (A.35), we first recall that

Y: =Y —m; — diag(Wvy, Y, =Y; — mj — diag(Wi)v,.

Similar to (A.36), Assumption A.6 implies

Y- Y =~ (Gi.é— ) — (Hidiag(Wi), —w) +0(1) - |0 - 0],

where the O(1) terms are uniformly bounded across all units. Together with (A.36),

Fwy - F;vy

—_

1 - / =~ -/ / Y
= EZ@Z-W}TJ(Yi—YE)+—Z(91‘—@¢)VV¢TJY1‘ +0P<

)
i=1 =1 \/ﬁ

E
- <% > (2E[©,L:W; JIE[L,] — E[O]L;]E[T,,,] — E[O/LW," JW/E[}]) , & — ,4./>
=1

(A.40)



1< s 1< .
n i=1 n i=1

1 & - 1
- <— > LW Y k- m'> + op (—) .
n < Vn

Similar to (A.37) - (A.39),

/ 1 - / n / 1 . / . 7 /
Luy — Iy = — <; > EO,G. W, ¢ — ¢ > - <5 > E[O]H; diag(W;) JW,], ¢ — >
=1 =1
e iE[@’LWUff’] f—r ) top = (A.41)
n £ i VY il P vn) :

Using the same argument, we can show

n

1 — . 1 .

r,-r,=- <E ZE[@;GJ], ¢ — ¢/> - <ﬁ E[©}H; diag(W;)J], ¢ — 1/">

=1 =1

e iE[@fLY’TJ] k—K )+o (i) (A.42)
n =1 e 7 : \/ﬁ . .
As a result,
N =N
/ / / / / / / / 1
T, (T — T) 4 (T — T ) — TN (T, — %) — T (D — %) + 05 (%)
1

— B[, )Ty — T) + E[T)) Ty — I,) — E[T,)T (T, — T) — BT (T, — T) + 0p (%)

E
1 / / / iy’ / , ~ ,
=1
+ E[@QLZ»W;TJ]E[I‘;]}, i — ,4>

+ <— i {E[6;G.JIET,] - E[6;G,JWIE[T}]} , & — ¢’>

+ <l > {E[O/H, diag(W;)JIE[T,] — E[OH, diag(W;) JWIE[T}]} 4 — w’>

i=1
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1
()
By definition of A,

N—N’:<A,é—0’>+op (i)

Jn
0]
A.6 Proof of Proposition 2.1: induced weights are non-negative
Proof. Let w = Ew.1|W]. Then
Ew.n[diag(W)J(W — Ew..[W])]
1
= Ew.n[diag(W)(W — Ew.n[W])] - ZEw-n[diag(W)1r1p(W — Ew.n[W])]
1. W 1, Ew.n[W
= Ew-n[W] — Ew.uldiag(W)|Ew..a[W] — Ew.n [W ( = ﬂ - EWNH[W]%H[]
1, W 17
=w — diag(w)w — Ew 1 [W ( TT )1 +w ( ?‘)) :
By (2.18), for any ¢,
. T 1. W 17
Ew-n [HW - Ew.n[W]| ] & =w —w?—Ewon {Wt ( r )} +w ( T“’) .
2 T T
(A.43)

Now we consider two scenarios.
1. Ifw, < 1;w/T,

1,W

() v

Then the right-hand side of (A.43) is lower bounded by

1, 1,
Wi — Wi — W+ wy <TTw) = wy (TTw—wt> > 0.
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2. If wy > 17w/T,

1. 1. 1.
B | Wi (M) | < Bn || = 2

T

Then the right-hand side of (A.43) is lower bounded by

1w 1 w 1w
wt—wf— 9 +wt( T )Z(wt—T—)(l—wt)EO.

A.7 Extension to generalized DATE in Remark 2.3

We prove that, under Assumptions A.1 - A.3, 7(IL; () = 7%(&; () + op(1) if, further, 7r; = 7; and
n[l¢lle = O(1).

To prove consistency, we just need to modify the proofs in Appendix A.3.1 and A.3.2 by
redefining ©; as

(nG) II(W5)

and redefining I'g, 'y, Iy, [y, T'y correspondingly. First, we can apply the same arguments
to show that Lemma A.2, Lemma A.3, and Theorem A.2 continue to hold under the above

assumptions. We are left to prove that
N, =0.

As in the proof of Lemma A.4, we assume without loss of generality that 7%(§; ) = 0; otherwise,
we replace Y (1) by Yi(1) — 7%(§; ) and the resulting 7 becomes 7 — 7%(&; (). Note that this
reduction relies on the fact that ) . ; (; = 1. Using the same argument, we can show that

(A.11) continues to hold with the new definition of ©; and other related quantities, i.e.,

N = LS (sleWiEL) - BT EY )
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* % Z {E[6;W, J diag(W;)|E[Ly] — E[T,] "E[©; diag(W;)]} 7:.

By (A.12),
E[6; /W] = nG;Ew.n[/W], E[O;] =ng,
and
E[O,W;' ] diag(W;)] = nG:Ew~n[W J diag(W)], E[6; diag(W;)] = nG:Ew ~m|diag(W)].
Thus,
Ty=1, Tu=Ewnl/W]
Then,
E[©;JWIE[['y] — E[6;]E[ly] = n(;Ew.nu[/W] — n(Ew.u[ /W] = 0,
and by DATE equation,

E[O;W," J diag(W;)|E[Ty] — E[T',,] "E[O; diag(W;)]
= n¢Ewn[(W — Ew.n[W])"J diag(W)]

= nGEw-n[(W — Ew.u[W]) JW]¢".

Since we assume 7" = 0,

N. =Y (EBwen[(W — Ew.u[W)) JWI'

=EBw~a[(W — Ew.a[W]) JW] (Z szTf'z‘)

= Ewn[(W — Ew.a[W]) " JW]r* = 0.
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A.8 Proof of Theorem 4.1

Let Wi = (Wig, W, _1,..., W, _,) € RT*CPH) swhere W, = W, and Tox = (70, 7-1.+ -+, 7p)
where the entries are defined in (4.2). To derive the non-stochastic formula of 7., we can repeat
the steps in the proof of Theorem A.1 by replacing W; with W, ¢ in I'y,,, 'y, and I'y,. This

results in

~ F Fg,exrﬂhex - F F;ur,exry
Tex = ww,ex F—e wy,ex Fe )

where

i,ex

1 & 1 &
waex = E @zii ‘T J[[iex € R(p+1)><(p+1) Pw ex £ = E @z‘J[‘iiex S RTX(p+1)
, n i=1 , 7 ’ n i=1 ’ ’
and

1 < 1 &
Luyex =~ > OWLJY, €ERVIT T, =~ 0,)Y €R".
i=1 i=1

Note that ¥; = Y; in this case since no regression adjustment is applied.

Following the same steps as in Appendix A.3.1, we can prove that

Tox > {E[wa,ex] - E[F“”eé[;z[r’”’e"] }_ {E[rwy,ex] - E[F”IE’[‘%Q?[F@’] } : (A.44)

Since 7r; = m;, by (A.12),
]E[PH] = ]-7 E[Fww,ex] = EWNH[We—I;JWeX]j E[Fw,ex] = EWNH[JWGX]'

Thus,

E [FM,GX] TE [Fw,ex]

E[T ywex] — ET,

- EWNH[(Wex - EWNH[Wex])TJ<WeX - ]EWNH[WGXD] (A45)
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By assumption (4.1),

p
Y; = }fi(oerl) + Z m,fﬂ—i,fé - Yti<0p+1> + W/i,exTi,em
=0

where
. +1
Tiex — (Ti,o,Ti,A, <o ,n,fp) € R
Then

Puyes] = ZE OW, T Yi] = Z {E(OWLIYi(0,10)] + EIOW Wi i}

7,eX

== Z {E[0:;W, L JIE[Y;(0,11)] + E[O: W, J W ] Tiex

1,eX

= Ew.n[W,.J { ZIEJY ,,+1)]}+EWNH[ JWeX{ ZT,QX},

=1

where the second last line uses the assumption that m;(w) = P(W,; = w | Y;(0,41)) and the last
line is a result of (A.12) and the fact that J* = J. Similarly,

BID) = = Y {ELIY:(0,0)] + Bwonl Wod Ticc}

Thus,

E[Ty.ol BT, . 5N
E[Fg] = EWNHKWex_EWNH[WeX]) J(WGX_EWNH[WGXD] {_ Z Ti’ex} )

E[Fwy,eX] -

Combining (A.44), (A.45), and (A.46) together, we obtain that

n
. op 1 Z
Tex —7 — Ti,ex-
n -
=1
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A.9 Miscellaneous

Proposition A.1. [Petrov [1975], p. 112, Theorem 5] Let X1, Xo, ..., X, be independent ran-
dom variables such that E[X;] = 0, for all j. Assume also E[X?g(X;)] < co for some function

g that is non-negative, even, and non-decreasing in the interval x > 0, with z/g(x) being non-

decreasing for x > 0. Write B, = > _,; Var[X;]. Then,

1 < A & )
dx (5 (\/—B—HJZIXJ> , IV (0, 1)) < W;E [(X79(X;)]

where A is a universal constant, L(-) denotes the probability law, dx denotes the Kolmogorov-

Smirnov distance (i.e., the {y-norm of the difference of CDF's)

Proposition A.2 (Theorem 2 of von Bahr and Esseen [1965]). Let {Z;}i—1...n be independent

.....

mean-zero random variables. Then for any a € [0,1),

1+
E

>z
i=1

<2) E|Z|""
=1

B Inference with cross-fitted model estimates

B.1 Cross-fitted RIPW estimator and main result

We split the data into K almost equal-sized folds with Z; denoting the index sets of the k-th fold
and |Zx| € {|n/K |, [n/K]}. For each i € 7}, we estimate (7r;, m;, ;) using {(Y;(1), Y;(0), W;) :
i € I.}. When {(Y;(1),Y;(0), W;) : ¢ € [n]} are independent, it is obvious that

{(ms, mi,0y) ri € I} L {(Yi(1),Yi(0), W;) : i € I}

We assume that
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and

1 ;-
— D = 0. B.1
1€Ly
Otherwise, we apply the transformation (3.1) and (3.2) in each fold to enforce the above.

For valid inference, we need an additional assumption on the stability of the estimates.

Assumption B.1. There exist functions {w, : i € [n]} which satisfy Assumption A.2 and
vectors {(m/,v}) : i € [n]} which satisfy Assumption A.3, such that

1 & . . . .
- > AE(#®(Wi) — w(W)))*] + E[[l#i; — mi|[3] + E[|l& — v[5]} = O(n™") (B.2)
i=1
for some r > 0. Furthermore,
w =m; for alli, or (m,v)) = (my;v;) for alli. (B.3)

The condition (B.2) states that the estimates need to be asymptotically deterministic given
the covariates. This is a very mild assumption. For example, when 7r; is estimated from a
parametric model {f(X;;0) : @ € R} as f(X;;6), under standard regularity conditions, 6 con-
verges to a limit 6, even if the model is misspecified. As a result, 7r; converges to 7, = f(X;;0p).
Under certain smoothness assumption, the estimates converge in the standard parametric rate
and thus (B.2) holds with » = 1. On the other hand, in the settings of Section 2, (B.2) is always
satisfied with 7/ = m; and m/ = v; = 0. More generally, if 62 + 55 = O(n™"), it is also satisfied
with 7w} = m; and (m},v)) = (m;,v;). A similar assumption was considered for cross-sectional
data by Chernozhukov et al. [2020].

The condition (B.3) allows one of the treatment and outcome models to be inconsistently
estimated. This covers the settings in Section 2 where the outcome model does not need to
be consistently estimated. It also covers the classical model-based inference in which case the

assignment model can be arbitrarily misspecified.

Theorem B.1. Assume that {(Y;(1),Y;(0),W;) : i € [n]} are independent. Let {(7;,m;, ;) :
i € [n]} be estimates obtained from K-fold cross-fitting where K = O(1). Under Assumptions
A1, A2, A.4, and B.1,
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(i) 7(I1) — 7(§) = op(1) if 00, = o(1);

(ii) Let Ci_q be the same confidence interval as in Theorem 3.3. Then

lim inf P <T*(§) € C’l_a> >1—«
n—oo

if (a) 6.0, = o(1/y/n), (b) Assumption B.1 holds with r > 1/2, and (c) (2.24) holds if

(0:,Y;) are replaced by (ILW;)/wi(W;),Y; — m) — diag(W;)v!) in the definition of V;.

)

The proof of Theorem B.1 is quite involved because our cross-fitted estimator is non-
standard. The standard cross-fitting [Chernozhukov et al., 2017] would compute 74 (IT) on Zj
with {(7;,m;, ;) : i € Iy} and then take 7(II) as the average of {7x(II) : k € [K]}. Under
the assumptions of Theorem 3.2, it is straightforward to show each 7(II) is asymptotically
linear and hence their average 7(II). In contrast, our estimator only cross-fitted the nuisance
parameters {(7;, m;, ;) : i € [n]} but compute 7(IT) using the whole dataset. While it is
theoretically convenient to deal with the standard cross-fitting estimator, the standard version
would fit weighted TWFE regressions on merely n/K units which would cause instability when
n is moderate as in many economic applications. For this reason, we opt for our version to max

out the sample size for computing 7(IT), even though the technical proofs are lengthier.

B.2 De-randomization

Cross-fitting involves random data splits which introduce operational variation into the final
estimate. We propose a de-randomization procedure that mitigates this source of unnecessary
uncertainty by averaging over multiple splits. In particular, we consider B independent splits
and add a superscript (b) to denote the quantities involved in the b-th split.

In the proof presented in the next subsection, we will show in (B.14) that, for each given

data split,
1 n
D) \/ﬁ(%(b) —7") = % Z(VZI —EV]]) + op(1),
i=1

Note that V] does not depend on b. We define the de-randomized cross-fitted RIPW estimate
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as

Zzb: ! T(b) . (B.4)

Then, when B = O(1),

7"_

(éZD(b)) V/n(F—1%) \/_Z (Vi — 1) + op(1).

Furthermore, in Section B.3.2 we show that
Ly obe
- > V=V =oe(1).
i=1

Denote by V; the average influence function:

S 5(b)
Vi=+ PR
b=1
Then,
- Z (V= V)2 = op(1).
Therefore, we can estimate the variance of 7 by the sample variance of ]:21, e l:)n This justifies

the confidence interval stated in Algorithm 1.

B.3 Proof of Theorem B.1

For convenience, we assume that m = n/K is an integer. All proofs in this subsection can be

easily extended to the general case. Without loss of generality, we can assume that

E[A2 =52 =Q(n™"), E[A2=8=Qn"), (B.5)
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where a,, = Q(b,) iff b, = O(a,). Otherwise, we can replace (w,, m},v!) by (m;, m;,v;) without

2]

decreasing r.

We use a superscript (k) to denote the corresponding quantity in fold &, i.e.,

1
LSS0 TS e W IWL TS e WY,

1€Ly ZEIk ZEZk

rk & — Z@Jm, Tk & — Z@JY

ZGIk lEIk

As in the proof of Theorem A.3, we assume 7* = 0 without loss of generality. Let (F’ ry, I, 1";)

wy?

and (0!, Y/, 7/) be the counterpart of (Cyy, Ly, Ty, T'y) and (O, Y., 7;) with (7v;, m;, ;) replaced

(2 l

by (7, m},v]). We first claim that

) 71

[,y —TT, — {F;Uyrg - r;} = Op (n— min{r,("+1)/2} 4 \/E[Ag] : \/E[Ag]> ., (B.6)

where ' = rw/(2 + w). The proof of (B.6) is relegated to the end. Here we prove the rest of
the theorem under (B.6).

Note that I, I’y — I,/ T, is the numerator of 7 when {(#],m},v]) : i = 1,...,n} are used as

) 7

the estimates. Let

5 = VEAW) — m( WO, 8l = \JElllm} —m. 3] + E[|v/ — w3, (B.7)

and

(B.8)
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i=1
= 0 (E[A2] +n™") = O (E[AZ)) (B.9)
Similarly,
5) = %25; =0 (E[AZ). (B.10)
i=1
As a result,

5.5, =0 (\/E[Ag] : \/E[Ag]> .

Note that Assumption A.4 implies Assumption A.3 with ¢ = 1. By Theorem A.2 and Theorem
A3,

r, Ty —T, T, = %Zn:(v; —E[V]]) + Op (\/E[Afr] : \/E[Ag]) + op(1/+/n) (B.11)
— O (\/E[Ag] . \/E[Ag,]) +op(1), (B.12)

where
V= 6i{BIrL, ) — BT, 4 EITW Y, - BN, |

On the other hand, by (B.6),

D(#—7%) = [y Tg—L, T, =T, T)~T, T, +Op <n— min{r(r+1)/2} 4 \/E[Afr] : \/E[Ag]) . (B.13)
When /E[A2] - \/ﬁ =o(1), (B.12) and (B.13) imply that

D(7 — 1) = op(1).
The consistency then follows from Lemma A.3.
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When /E[A2] - | /E[A2] = o(1/y/n) and 7 > 1/2, (B.12) and (B.13) imply that

DV —r* \/_Z (V] —EVI]) + op(1).

Let V! denote the plug-in estimate of V! assuming that (7}, m/, v/}) is known, i.e.,

= @;{r;y ~ T IW, T W TY - r;jm}.

By Lemma A.5, under Assumption A.5 (with (7r;, my,, ©;) = (7], m},v))),

— N(0, 1) in Kolmogorov-Smirnov distance,

'D'\/ﬁ(f'—T*) d
O-/
where

’ 1 -
2 /
—_— V > .
o - ;1 Var(V}) > vy

Similar to (A.21), define

n n 2 n n 2
0% = %ZE (v; - %ZE[V{]) = %ZEW] - (% ZHW])
i—1 i=1 i=1 =1

. / ’ . . Al
Obviously, o2 > ¢ 2. Furthermore, define an oracle variance estimate ¢ 2 as

2
E ) 1 n . 1 n .
62 = n_lz<V——Zv> ﬁ;vf—(E;vi)

=1

Recalling (A.18) that
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Similar to (A.22) in Theorem A.5, it remains to prove that
6% — 02| = 0s().

Using the same arguments as in Theorem A.5, we can prove that

Therefore, the proof will be completed if
6% — 62 = op(1). (B.16)
We present the proof of (B.16) in the end.

B.3.1 Proof of (B.6)

Let <F;,SI;), F/( ) I‘ng), I‘/ ) be the counterpart of (ng, Fék), . I‘Z(,,k)) with (7v;, m;, ;) replaced

by (7, m},v]). Since the proof is lengthy, we decompose it into seven steps.

[ 2R

Step 1 By triangle inequality and Cauchy-Schwarz inequality,
|Fwy - Fiuyl
]l — N N
<= |eW,JY; - oW, JY/|
o

Ly , Ly . :
<~ Z €W J (1 — mi)| + — > O, W1 diag(Wi)(2; — v))]

i=1

1 & .
N [CIECH) AN 4
+ n — ‘( ’L) 7 (2

1 I
< <EZ||®ZWJJ||%) <EZ||mi—m;||%)
i=1 1=1

+ ( ZH@WUdlag )( ZIIVZ—V’Ilz)

=1
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1 — ] e -~
+ (52\!(@—@2)"‘7«]\\%) (EZHY/H%)
=1 =1

By Assumption A.5 and Holder’s inequality,

- ~ - ) 2/(2+w)
@ EIE < (5 ;E[HK’II?”]) = o).
By Markov’s inequality,
1 < -
=Y IYIB = 0:(1). (B.17)
i=1
By Assumption A.2 and the boundedness of | W, J ||, and ||W,J diag(W;)||2,
S IO =00, 13w Wl = 00)
and, further, by Markov’s inequality,
%Z (€~ &)W | = O (% iﬁwm - w;<m>>2J) .
Putting pieces together and using Assumption B.1, we arrive at
Cuy = Tyl = Op(n™"72).
Similarly, we can prove that
Puy = Doyl 4+ Do = Tpl + [|ITy = Ty lla + |IT, = Ty [l = Op(n™""?). (B.18)

As a consequence,

|[(Tuy = T, )(Te = Tp) — (T — T,) (T = T)| = Op(n™"). (B.19)
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Step 2 Note that Assumption A.4 implies Assumption A.3 with ¢ = 1. By Lemma A.2,
[T = B3] + [T, — BT, + [T — BT, + T, — BT[], = O (n772).
By (B.18), we have

(Cuy = Ty ) (T — E[T]) + (I, — B[, 1) (g — Tp)
— (0 = T,) (T, = E[T}]) — (T, = E[L,]) (T, = T})| = Oe(n”"*D7%). (B.20)

v~

Step 3 Note that

k=1
For each k,
/ 1 ~ -
k k) _ T T
Pl — Ty = — > (OW,JY, - oW, JY)).
€Ty

Under Assumption A.4, the summands are independent conditional on D_y; = {(Y;(1), Y;(0), X;) :
i  Ti,}. Let E® and Var®) denote the expectation and variance conditional on D_py.

By Chebyshev’s inequality,
2
k (k k) [k (k
(1) - ~ Vg -0
1 - .
~0r (s X vt (o v e %) |
m

1€Ty
@) LS T v T o) 2
= Op (ﬁ > EW (@J/Vi JY; — O/W, JY;’)

i=1

2 0s (% >E (oW ¥, - @;WiTJf’%'f) ’ (B2
i=1

where (i) follows from K = O(1) and (ii) applies Markov’s inequality. By Jensen’s
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inequality and Cauchy-Schwarz inequality,

E (@JWJYQ - @;ijif;)z
< 3{E (O:W, J(1m; — m)))” + E (0,W,"J diag(W:) (51 — v/))”
+E((0: - @;)IWJ{Q')Q }
< 3{E [©:W, T3 - v — mil3] +E [|©:;W; J diag(W3)|[3 - |19 — vj][3]
+E|(0: - )W, Y] |
< OB [t~ mi)?) + B [0 — ) + B (W) — m(W2(v7] )
(B.22)

where C'is a constant that only depends on ¢, and 7. The second term can be bounded
by

%ZE (W) — (W) (Y7

I N
=E |- (m(Wi) - w;<WZ>>2<Y/>2]
i=1
Q) 1 n w/(2+w) 1 n 2/(24w)
=B <5 > (m(W) - w'(W))2<1+2/“>> (5 (Y/)QW>
i=1 i=1
(i) . n w/(24w) 1 n 2/(2+w)
< | = SE[((Wy) - (W)X 2] =3 E|(7)]
n i=1 n i=1
(i) ) n w/(2+4w) 1 n 2/(2+w)
S (; > E(@(Wi) - m’-(%f) (; > E| )ﬂ) :
i=1 1=1

where (i) applies the Holder’s inequality for sums, (ii) applies the Holder’s inequality
that E[XY] < E[XZFw)/w]w/CHe)R[y (2+w)/2]2/(24w) and (iii) uses the fact that |7;(W;) —
7 (W;)| < 1. By Assumptions A.5 and B.1,

. Z E[(7(W2) — ml(W))(V))?] = 0 (/) = 0 () (B.23)
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(B.22) and (B.23) together imply that
E i]E (@iwjm - @;WJJ?;)Q ~0 (n’) . (B.24)
n &

By (B.21), for each k,
T —T/® _E®TEH _T/®] = 0 <n—<r’+1>/2) .

Since K = O(1), it implies that

Ty ZE(k F(k ' ] O]p( —(7”’—&-1)/2).

Similarly, we have

e, o - L S E®[r® — 1)

K
/ 1 /
Ly =Ty — K § EW[rg? — 1,0
k=1

K
/ 1 / —(r
I, Ty = SRV ]| =0 (7).
k=1

2

_|_

By Lemma A.2,
B[] + B[] + (B[]l + IET]l2 = O(1).
Therefore,
’ (rwy - ZE - }) E[[Y)
+E[T,,] (Fe ~ T~ % Z EW(ry” — r’é’”])

101



K
1 /
—E[l,]" (ry ~-T, - = > EW[TE — r;’f)]) '
k=1

= Op(n~"1/2), (B.25)

Step 4 Note that E[I",,|E[T] — E[T,]"E[I",] is the limit of D - v/n(7 — 7*) when {(=], m], ) :
i =1,...,n} are plugged in as the estimates. Under Assumption B.1, either «} = ;
for all i € [n] or (m},v)) = (m;,v;) for all i € [n]. Then, by Lemma A .4,

) 7

E.,, JE[;] — E[I,]'E[l,] = 0. (B.26)

Step 5 We shall prove that

Mw

<\/IE A2]- | /E(AZ) AQ) (B.27)

k;:

By definition, we can write

Ari = \JEO[(70( W) = m(Wi))2], Ay = \/EO s, —ma[3) + EO (|15, — ]3], Vi € T
By Assumption A.1 and A 4,

1 -
k k T
= - > EW[e,W; JY]]

1E€T),

1 ~ 1
— E®O.W.TJY: - E® Q. W. iag (W, )+
- E O;W. JY;(0)] + - E O, W, J diag(W,)T]

’iEIk ’iGIk
= — Z E®[0,W," JJEX[Y;(0) Z E®[0,W," J diag(W;)|EW [7].
ZEIk ZEIk

Similarly,

BIEP] = S EV[OJEDF(0)] + - S EW[6. ding(WoJEW (7]

€Ty €L},

Putting the pieces together and using the fact that E[T",]T.J = E[[,]T,E®[T,]TJ =
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E®T®IET,)] - E[T,]TEW )]
1

= > { B oW ding(WOlEIT;) - BICLITE (6, diag(W0)] [EV 7
m €Ty

L {E%wenvfdwﬂru—4MFUTE@H@A}E%wfxon

m 1€Ty

2 — Z a] EW[F, Z a,EM[Y;(0) (B.28)

ZEIk ZGIk

As in the proof of Theorem A.3. Let

II(W; ~ )
0; = T ¥ = Y-y diag (Wi,

and (I, T'%)) be the counterpart of (I'y, T',,) with (6;, ;) replaced by (07, Y;*). Recalling
(A.13) on page 63, there exists a constant C that only depends on ¢, and T such that

IE®[(0; — 0;)W, J diag(W))]| + [[EP[(6, — 67)JW]|, + [E®[e; - e]|
+[[EW[(; — 6))J diag(W))] || < Crl. (B.29)

where &', and & are defined in (B.7) and (B.8), respectively. Then,

EQ[0:W, J diag(W)|E[Iy] — (E[O; W, J diag(W;)E[L)])

< [EW[6,W," J diag(W;)] — E[O; W, J diag(W;)]| - E[T)]
+ E[O; W, J diag(W;)] - |(E[T] — E[T5))]
< CL(E[)] - Ay + E[O;W," J diag(W;)] - 6%).

Note that E[©;W," J diag(W;)] = Ew..n|W 'Jdiag(W)] < T is a constant. By As-
sumption A.2, E[I'y] < 1/¢,. Thus,

|an — (E[O; W, J diag(W})|E[T;] — E[T;]"E[0] ] diag(W;)])

I,
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for some constant Cy that only depends on ¢, and T'. Let

a;, = E[O;W,' J diag(W;)|E[I}] — E[I',]"E[6] ] diag(W)].

Since we assume 7 = 0, |[E®[F]||ls = [[E®[D; — 1] ]|z < Ay,
1 Y e EW[F] - 1 Y ayEW[R)| < G D (A + ALA,,. (B.31)
m 7 m [ ~m A s Yy
ZEIk ZEIk ’LeIk

On the other hand, by definition of O,
E[O; W, J diag(W;)] = Ew (W ' Jdiag(W)], E[O;J diag(W;)] = Ew n[J diag(W)],
and
1 n
E[l;] == E[6]]=1, E[I}]= - ; E[©: JW;] = Ew [ JW].
Thus,

| = Ew.n[W'Jdiag(W)] — Ew.q[JW] Ew .|/ diag(W;)]

= Ewa|(W — Ew.a[W])"J diag(W)].
By the DATE equation,
ay =Ew.n[(W — Ew.nW])TJWT.

As a consequence,

— Z a; BV 7] = Bw.n[(W — Ew.n[W])T JW]. (% ZﬁTE(k)[ﬁO . (B.32)

’LGIk 1€Zy
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Now we turn to the second and third terms of (B.28). Similar to (B.30), we can show
that

@iz = |lai — (E[LL]"E[)] — E[TL]"E[L)]l2 < C5(Ax + 0%,

for some constant C3 that only depends on ¢, and 7. By (A.3)

: 3), E®[Y;(0)]|2] <
Therefore,
T C(3 A/
Z a, E® - > (Ani+ ADA,,. (B.33)
ZEZk 1€Ly

Putting (B.28), (B.31), (B.32), and (B.33) together, we arrive at

E® [ HIE[T] - E[T,]TET()

€Ty

—Ew~u[(W - Ew.a[W]) JW] - (% > ¢'EW [73]) ’
< (T’:j D (Ari 4 0)A;,

1€Ty

for some constant C4 that only depends on ¢, and T'. Since 7% =0

where the last step uses (B.1). Therefore, averaging over k and marginalizing over D_,
yields that

i E[F/ ]TE(k)[F?(Jk)] = Op <liE [(Am + (5’)A ]>

By Cauchy-Schwarz inequality,

= > EO[Dy, B[] — BT, TECT]
k._
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Therefore, (B.27) is proved by (B.9) and (B.10) on page 95.

Step 6 Next, we shall prove that

K
Z E®) F(k F’e(k:)] _E® [F(k) _ I\;Ek)]TE[F;] _

k:

Using the same argument as (B.29), we can show that
IE[(©; = ©:)JWilll, + [E[6; — ]| < C1(57; + Ari).

Averaging over i € 7, we obtain that

IE® ] —EP ] + [E®[TE] —EW W], < Cy (8 + Ay) =

0

where the last step uses (B.5). On the other hand,
1 i
BIr,) = - Y EO[W] V]
_ 1 . / T 7v/ 1 - / T : ~/
== ;E[@m JY/(0)] + Z E[O;W;"J diag(W)7]

. %iE[cangJ]E[ﬁ’(O)l +
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1 n
D E[O[W," ] diag(W,)7.

A

x) s

(B.35)



Note that

VT . T . N
IE[O;W," J]||» < — IE[O;W," J diag(W;)]||> < o IE[Y (0)][l2+ (|7 |2 < 0y

™ ™

As a result, there exists a constant C5 that only depends on ¢, and T such that

/ O . / A
E[l,,]| < 75 > 6, =0 (E[AY)).
=1
Similarly,
IE[T]]l2 = O (E[A]]) -

Together with (B.35), we prove (B.34).

Step 7 Consider the following decompositions:

TwyTo — 10, T
= (Tuwy — I, ) (g — Tp)

+ Ty = I, ) (T — ]E[P']) + (I, — B[, (T — 1p)

+ (Fwy ZJE(k ’<k>]> E[T)
+E[[,] (rg — T, - % Z E® [ — r/;’f)])
- (3Ersn) mr
+ = (ZE ) E[I]

(Z E®[ry? - ’“ﬁ) ,
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and

r,r,-r,Tr,
= (T, -I,) (T, — T}

+ (T, —T,) (T, - E[l}]) + (T, - E[L,]))"(T, - T))

K T
1 /
F(rem e ) ey

k=1
1 & ,
+E[,]" (ry —T,— > EWI® - I‘y(k)]>
1 . k=1
_ E[FMT? <Z E*) [I‘;/(k)]>
k=1

F/ ]T% (i E(k) [I‘z(,/k)]>
+— (ZE Rl WA O }) E[T].

Since (7}, m}, /) are deterministic,

= (Z B Y ]) B[] = (i E[r;f,if,w) E[ry] = E[r, B[

and

/]T% (i E®) [I‘;}“]) (ZE T ®) ) E[T, ]T]E[F,]

By (B.19), (B.20), (B.25), (B.26), (B.27), (B.34), and triangle inequality,

Fwyrg_rlry_{rguyrg — I‘JF;} = Op (nr 4o HD/2 =0 )/2 \/IE[A,%] . \/E[Ag]) .

The proof of (B.6) is then completed.
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B.3.2 Proof of (B.16)

Let
VI = @;{rwy —T,JW, +T,W,;' JY/ — PIUJY*;}. (B.36)
Recalling the definition of V! in (B.15) on page 96,

Vi = V| < Tuy = Loyl - O+ Ty = T 1o - |0 T Wi 2
SHIVESVIRCATAP) ARSI WS W PRI A B
< {[Pwy = Ty [ + Ty = Tyl + [T — Tl + [T — Ty, 12}

{ O+ 10LIWil + [0, TY/ | + [0/ |I:}
By Jensen’s inequality and Cauchy-Schwarz inequality,
A
=y V=V
n <
i=1
< 4{|Duy = Ty [+ [Ty = Ty lo + [To = Tg| + [[Toy = T 12}
A En: {@/2 + |0 IW;||2 + |OW,T T + ||@’JY’H2}
n 4 [ 1112 ) 7 ) ) i 112
i=1
< S 1Py — T + I, — T+ [T — T3 4 T — T8} - 57 {14 972
= 02 wy wy Yy yll2 0 0 w wll2 n e 12 (>
T =1

where the last inequality uses Assumption A.2. By (B.17) and (B.18) on page 98,
1 . 5/ 911\ 2 —r
- > (Vi=V!)?=0p(n") = op(1). (B.37)
i=1

On the other hand, recalling the definition of V; in (A.15) on page 67,

VI = Vil < [Cuy| - 6] = O3 +[IT, [l2 - [1(6] — ©:) TW; ]
+[To| - QW1 TY] — O:W Y| + [Ty 2 - ©,7Y] - ©:7Yi]5
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+ 047 {|Tus| + |TLIWi| + [Ty W, JW;| + T JW; |}

< {|Tuy| + ITy 12 = Io] + [T} - {|®; 6+ (0] — 0. Will
W TV — O,W Y| + |0LTY - @imuz}

+ 047 {|T | + [T JW;| + [TeW, JW,| + TS JW;| ).
Since ||JW;||s < VT,
18] — ©:)JWi|ly < VT|6] — 64,
By triangle inequality,

CAVARMARCRIAN 4
< |O:W,JY] - O,W,' JYi| + |O)W," TY! — O, W JY/|

VT~ 8 .
< C—HY‘z‘ ~Yills + VT||Y|]2 - 1O} — 6]

VT . . .
= C—||mz‘ —mf|ls + VT Y/[|2 - |} — 6.

T

Similarly,

|0,TY; — ©,JYi||
< ©;JY; — ©,JY||s + [|©]JY; — 6,JY]||s

1 - . 3
< C—HYQI —Yill2 + [[Y/]l2- 167 — ©4]

1 . ~
C—Hmz’ —m|ls + ||Y]|2 - |©; — ;]

T

Putting pieces together, we have that

V=V

< C{ITuy| + [Ty 2 + [Tl + [Tula}? {|@; COP (L4 B2 + [ — mzuz}
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+ C17[{[Tun| + [T JWi| + [T W, JWi| + [T [ JWi|}
for some constant C' that only depends on ¢, and T'. By Lemma A.2 and Markov’s inequality,
Tyl + 1Ty ll2+ ol + [ Twllz = Op(1),  [Twwl+ [T, JWi| + LW, JWi| + [T, JWi| = O(1).

By the first part of the theorem,

Therefore,

n

SRS

I e <
= V=V =0 (
nz’:l

{r@; _ 0P (L4 12 + s — m;r\§}> +op(1). (B.39)

i=1

By Assumption A.2 and B.1,

1y P TI(W;)? 7} o )
SO Ele 6= 13 E e ) - WL
< iz ZE[(ﬁz(Wi) — (W)} =0(n") = o(1)

By Assumption B.1,
1 - A 1112 —-r
- Y E ([l — milf3] = O(n™") = o(1).
i=1
By Markov’s inequality, we obtain that

1 & I~
~ 2 16—+ = > lrin; — mi3 = op(1). (B.39)
=1 =1
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By Holder’s inequality,

n n w/(24w) 2/(2+w)
1 / 2 V(|2 1 / 2(142/w) 24w
DBICEC N AR =S SCAETH ZIIYII .
i=1 =1

By Markov’s inequality and Assumption A.4,

—ZHY’IIQ*“ = ( ZE hs ||2+“> Op(1).

By Assumption A.2,

l Zn:E U@; . @i|2(1+2/w)]
n -

H(w)2(1+2/w) . S(1a9e
- Z]E |: 1+2/w) (W')2(1+2/W) ’771(“/1) - 71'2(‘/‘/1)’ (1+2/)

<~y ZE W) — (W) 20420

—~

S et SB[ - (W)
=0 (n") =o(1),

where (i) uses the fact that |7;(W;) — w,(W;)| < 1. Thus, by Markov’s inequality,
BN / 2 /|2
LSl e ¥ = orl0). (5.40)

Putting (B.38), (B.39), and (B.40) together, we conclude that

_Z (V' = V)% = op(1). (B.41)
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By Jensen’s inequality, (B.37), and (B.41),
2 . / 3!\ 2 2 < \ 511 ) \2
- Z Z(v O > V=) =oe(1). (B.42)
i=1 i=1
By Lemma A.2 it is easy to see that

2
1 1 o
= | < 2 — 1). B.4
2V S V=0 (B.43)

As a result,

3

= 0[[»(1).

S|

e, 1 <&
E;Vz{_E;ViS

I~ o, -
—ZW;—VHS
nizl

=1

Together with (B.43), it implies that

1 e~
E;Vﬁ ZVQ

<2 %Z Z _vi>z+%z<v;_v,.)2:op<1>.

Therefore,

R
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C Solutions of the DATE equation

C.1 The case of two periods

When there are two periods, the DATE equation only involves four variables I1(0,0), I1(0, 1),
I1(1,0),II(1,1). Through some tedious algebra presented in Appendix C.4.1, we can show that
the DATE equation can be simplified into the following equation:

{I1(1,1)-11(0,0) }{II(1,0)—-TI(0, 1)} = (&1 —&) {(TI(1,0) — TI(0, 1))* — (TI(1,0) + I1(0,1)) } .
(C.1)

C.1.1 Difference-in-difference designs

In the setting of difference-in-difference (DiD), (0,0) and (0, 1) are the only two possible treat-
ment assignments. As a result, we should set the support of the reshaped distribution to be

S* = {(0,0),(0,1)}. Then (C.1) reduces to
I1(0,0)TI(0, 1) = (& — &)(TT(0,1)* — TI(0, 1)) = (&2 — &)TL(0, 0)TI(0, 1).

It has a solution only when & — & = 1, i.e. (&,&) = (0,1) and hence 7%(§) = 72, in which
case any reshaped distribution IT with I1(0,0),TI(0,1) > 0 is a solution. This is not surprising
because for DiD, no unit is treated in the first period and thus 7 is unidentifiable. Nonetheless,
Ty is an informative causal estimand in the literature of DiD. This implies that the RIPW
estimator with any IT with IT(0,0),II(0,1) > 0 and II(0,0)+II(0,1) = 1 yields a doubly robust

DiD estimator.

C.1.2 Cross-over designs

For a two-period cross-over design, (0,1) and (1,0) are the only two possible treatment as-
signments. Since the support of IT must contain at least two elements, it has to be S* =

{(1,0),(0,1)}. Then DATE equation reduces to

0= (& — &) {(I1(1,0) — I1(0, 1))* — (TI(1,0) + I1(0,1))} .
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When & # &, it implies that
0 = (TI(1,0) — I1(0, 1))* — (I1(1,0) 4 I1(0, 1)) = (TI(1,0) — I1(0, 1))* — 1.

It never holds since II(1,0),II(0,1) > 0. By contrast, when & = & = 1/2, any IT with support
(1,0) and (0,1) is a solution.

C.1.3 Estimating equally-weighted DATE for general designs

When & = & = 1/2, the DATE equation reduces to
{I1(1,1) — T1(0,0) }{TI(1,0) — I1(0,1)} = 0 < TI(1,1) = I1(0,0) or TI(1,0) = I1(0, 1).

If $* = {(1,1),(0,0),(1,0),(0,1)} in Assumption 3.2, that is, when all combinations of treat-

ments are possible, the solutions are

(I1(1,1),11(0,0),11(0,1),I1(1,0)) = (a,a,b,1 —2a —0b), a>0,2a+b<1

or (II(1,1),T1(0,0),T1(0,1), TI(1,0)) = (a,1 —a — 2b,b,b), b>0,a+2b < 1.

The uniform distribution on S* is a solution, implying that the IPW weights deliver the average
effect in this case. If S* = {(1,1),(0,0),(0,1)} (staggered adoption), we cannot make II(1,0)
and II(0,1) equal since the former must be zero while the latter must be positive. Therefore,

the solutions can be characterized as
(I1(1,1), T1(0,0), IL(0, 1)) = (a,a,1 —2a), a € (0,1/2). (C.2)

Again, the uniform distribution on S* is a solution. However, we will show in the next section

that the uniform distribution is not a solution for staggered adoption designs with 7" > 3.
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C.2 Staggered adoption with multiple periods

For staggered adoption designs, 7r; is supported on

W e lw:w =...=w; =0,w;y; =...=wyp =1 for somei=0,1,..., T}
For notational convenience, we denote by w;) the vector in Wi* with j entries equal to 1 for
j =0,1,...,T. Thus, the support S* of IT must be a subset of Wj*. For general weights,
the DATE equation is a quadratic system with complicated structures. Nonetheless, when
& = ... =& = 1/T, the solution set is an union of segments on the 7T-dimensional simplex

with closed-form expressions. We focus on the equally-weighted DATE in this section.

Theorem C.1. Let S* = {w), w(j,), .., w(,), wrt with1 < jy <...<j, <T—1. Then the
set of solutions of the DATE equation with support S* is characterized by the following linear

system:
M(wr)) = 552 = T(w(,) + 5 Y py STl (w(,))
II +1II Ik = —1
< (w ]k+1)) ( (Jk)) T r (03)
H(“’ )—1_ ( ) Zkl (w Jk))
II(w) > 0 iff w € S*

\

Furthermore, the solution set of (C.3) is either an empty set or a 1-dimensional segment in the

form of {AIIM + (1 — \)II? : X\ € (0,1)} for some distributions TI) and TI?).

The proof of Theorem C.1 is presented in Appendix C.4.2. In the following corollary, we

show that the solution set with S* = W5t* is always non-empty with nice explicit expressions.

Corollary C.1. When S* = W5, the solution set of (C.3) is {\ITW + (1 - \II® : X € (0,1)}

where

o if T' is odd,



o if T is even,

1 1(j is odd
H(l)(w(T)) = H(1)<w(0)) = 17 H(l)(w]) = ( T >7 J= 17 . 7T - 17
T+2 151
and T1® (w(r)) =TT (w()) = %’ I ;) = - Z;even)> j=1,...,T—-1

In particular, when 7' = 3 and S* = W5*, the solution set is

(M (wio)), T(w)), Twge)) awg) = A (22,0, 2) + (1= (20,5 2) cae 0,1
{ <9 3 9 9 3°9
(C.4)

Clearly, the uniform distribution on S* is excluded. Thus, although the RIPW estimator with a
uniform reshaped distribution is inconsistent, the non-uniform distribution (1/3,1/6,1/6,1/3),
namely the midpoint of the solution set, induces a consistent RIPW estimator. For general T,

it is easy to see that the midpoint is

T+1 1
IT =1II =———703H  IM(wy)=—, 7=1,....,. T — 1. )
(wi)) = Wwe)) = —7 Wwg) =57 =1L, (C.5)
This distribution uniformly assigns probabilities on the subset {w(), ..., wr—1)} while puts a

large mass on {w(g), w(r)}. Intuitively, the asymmetry is driven by the special roles of w g and
w(7y: the former provides the only control group for period 7" while the latter provides the only
treated group for period 1.

Corollary C.1 offers a unified recipe for the reshaped distribution when the positivity As-
sumption 3.2 holds for all possible assignments. In some applications, certain assignment never
or rarely occurs and we are forced to restrict the support of IT into a smaller subset S*. To start
with, we provide a detailed account of the case T'= 3. When j; = 1, j, = 2, (C.4) shows that
IT(w()), II(w) > 0, and thus S* must be W5* and cannot be {w), we)}, {w), wa), we },

or {w(), W), we) . When j; = 1,7 = 1, via some tedious algebra, the solution set of (C.3) is

{ (M), w0, M), M) = A0.1.0.0)+ (1= ) (3.0.0.3) e 0. f (o

Thus, {wo), w1y, we)} is the only support with j; = 1,r = 1 that induces a non-empty solution
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set of (C.3). Similarly, we can show that the only support with jo = 1,7 = 1 that induces a

non-empty solution set as

2 1

{(H(Wm))?ﬂ(w(n%H(w(z))ﬂ(w(s)) =A(0,0,1,0) + (1 = A) (57070, g) A€ (0, 1)} - (C.7)

sta

In sum, Wit Wi\ {w) }, Wi* \ {wo)} are the only three supports with non-empty solution
sets, characterized by (C.4), (C.6), and (C.7), respectively.

For T'= 3, {j1,...,j-} can be any non-empty subset of {1,2}. Via some tedious algebra, we
can show that this continues to be true for 7' = 4. However, this no longer holds for 7" > 5. For
instance, if {j1,...,7.} = {1,2,4,5}, the second equation of (C.3) implies that

1

(wa)) + M(we) = Mwe) + Mwe) = 5, Wwe) + I we) =

N

Under the support constraint, the first two equations imply that II(w)), II(ww)) < 1/T,
contradicting with the third equation. Nonetheless, the contradiction can be resolved if any of
these four elements is discarded. If this is the case in practice, we can discard the element that

is believed to be the least likely assignment.

C.3 Other designs

In many applications, the treatment can be switched on and off at different periods for a single
unit. In general, a design is characterized by a collection of possible assignments Sqesign. If
any subset S* C Sgesign yields a non-empty solution set of the DATE equation, we can derive
a doubly robust estimator of the DATE. In this section, we consider several designs with more
than two periods which are not staggered adoption designs.

First we consider transient designs with zero or one period being treated and with each

period being treated with a non-zero chance, i.e.,

T
Wrt = {w c{0,1}": wat < 1}.
=1

For notational convenience, we denote by w) the never-treated assignment and w;) the as-

signment with only j-th period treated. The above design can be encountered, for example,
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when the treatment is a natural disaster. The following theorem characterizes all solutions of

the DATE equation for any &.

Theorem C.2. When S* = %“i, IT is a solution of the DATE equation iff there exists b > 0
such that

I(w) {1 — I(w)) — H(%(O))} =&b, VtelT]

In particular, when & = 1/T for every ¢, Theorem C.2 implies that IT ~ Unif(Wy9) is a

solution. In fact, for any given II(w,) € (0, 1), IT is a solution if
H( ’ w 7é ’117(0)) ~ Unif({’lf)(l), cee ,’lI)(T)}),

where W denotes a generic random vector drawn from II. The above decomposition can be

used to construct solutions for more general transient designs:

T
Wik = {'w c{0,1}": Zwt < k}
t=1

This design is common in marketing experiments where, for example, k is the maximal number
of coupons given to a user and each user can receive coupons in any combination of up to k time

periods.

Theorem C.3. When S* = Wi, 11 is a solution of the DATE equation with & = 1/T (t =
1,....T), if

T
I ( Y w, = k) ~ Unif WS \ WS _), K =1,...,k,

t=1

C.4 Proofs

For notational convenience, denote by h(IT) = (hy(Il),..., hp(IT)) the left-hand side of the
DATE equation. We start by a simple but useful observation that, for any IT,

17h(I1) = Ew.n [(17 diag(W) — 17.6W ) J(W — Ew .o [W])]
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= Ewert [(WT = W)J(W — Ew.n[W])] = 0. (C8)

Thus, there is at least one redundant equation and for any matrix V€ RT*T=D with V1, = 0,

h(IT) = 0 <= V "h(II) = 0. (C.9)

C.4.1 Proof of equation (C.1)

Set V= (1,—1)" in (C.9). Then
VTh(IT) = 0 <= hy(II) — hy(IT) = 0.

As a result,

1 —1| |W; — Ew.n[Wi]
0=Ew.n ((Wl, —Wz) - (51 - 52)(W17 Wz)) [ ] |: ]]
—1 1 W2 — EWNH [Wg]

= Ew.n[(Wi + W2 = (& — &) (W1 = Wa)) (W1 = Ws — Ew.on (W1 — W2))]
= Ewn[W; — W5 — (& — &)(W1 — W)
— Ew~n[Wi + W2 — (& — &) (W1 = Wa) | Ew (W1 — W2)
= Ew~n[W1 — Ws — (& — &) (W1 — Wa)?]
— Ew~n[Wi + W2 — (& — &) (W1 — Wa) | Ew (W1 — W2)
= (I1(1,0) = I1(0, 1)) — (& — &)(II(1,0) + I1(0, 1))
—{II(1,0) + II(0, 1) + 2TI(1,1) — (& — &)(I1(1,0) — I1(0, 1))} {II(1,0) — I1(0,1)}
= (I1(1,0) = I1(0, 1)) — (& — &)(II(1,0) + I1(0, 1))

{14 TI(1, 1) = T(0,0) — (& — &)(TI(1,0) — TT(0, 1))} {TI(1, 0) — TI(0, 1)}
Rearranging the terms yields
{TT(1, 1)~ TI(0, 0) H{TI(1, 0)~T1(0, 1)} = (€, &) { (TT(1,0) — T1(0, 1))? — (TI(1,0) + TI(0, 1))} .
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(C.10)

C.4.2 Proof of Theorem C.1

Let e; denote the j-th canonical basis in R”. Then

h;(I1) = ejTEWNH [(diag(W) —EWHJ(W — EWNH[W])] :
We can decompose h;(IT) into hji (IT) — &;ho(IT) where
hs(I0) = €] Evy ot [diag(W)J (W — Ewona[W))],  ho(I1) = Byt [WJ(W — Eyya[W))]

Then

=Ew.n [Wje] IW| —Ew.n [W;e; J| Ew.n[W]

1,W .
=Ew-n Wj Wj — T — Ew-~n [VV]] €; JEWNH[W]
1. W 1"W
=Ew.n |W; <Wj -5 )} — Ew~n [Wj] Ewn {Wj -5 }
Ew.r|[W;|Ew.r[1-W Ev oW (1L-W
— Ewen(W)] — B2 + S niBwenll W] Bw oW W]

where the last equality follows from the fact that I/Vj2 = W;. By (C.9), it is equivalent to find
IT satisfying

In this case, &4+ = §; for any j, and thus,
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By definition,
Wyat = Wy = I(W = wir).
As a consequence, we have
Ew~n(Wji1] — Ewon[W;] = (w_j),

(Ew-~r[Wji1])? — EBwen[W;])? = M(wr_j)* + 20 (w(r—j) ) Ew x| W],

and

Ew-nWjs1(17W)] — Ey.ora[W; (17 W)

= Ew-ull(W = wr—j)(1rwer-y)] = (T — HIL(wer-j).
As a result,

P11 (IT) — Ry (IT)

T T
j ]E N 1TW
— H(’w(Tfj)) {T — H(w(T,j)) — Q]EWNH[W'] w Hj[" T ]
Let
r—j Ew.nll-W
9;(I0) = —== —~ T(w(;)) — Lwn[Wr—;| + Ew-n[ly W]

Thus, (C.11) can be reformulated as

M(w;) =0 or g;(I)=0, j=1,2,....,7 1.
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Since S* = {w(g), w(;), - - ., Wi, Wy}, M(wg,y) > 0 for each k =1,...,7r. As a result, (C.15)

is equivalent to

g;, M) =0, g;(II)—g; ()=0, k=1,...,r—1 (C.16)
Note that

Wr_j, =1 <= W € {wg,41), .-, wm }-

The first equation is equivalent to

T—j, 1 (.
7~ Mwg,)) — 2 (wr) + (Z Jell(wg) + TH(’w(T))> =0
k=1
T—jr 1.
= Iwn) = —== — W(wy,)) + > idl(wy,)). (C.17)
k=1

By (C.12),

Ew-nWr—j,] — Ew-nWr—j, ] = Pwenn (W € {w(, 1), Wi42)s - - - W) })

=Pwent (W = w,) = M(wg,.,))-
Therefore, the second equation of (C.15) can be simplified to

Jk+1 — Jk
(w,.)) + (wg,)) = +T k=1,...,r—1 (C.18)

Finally the simplex constraint determines IT(w () as

(w) =1 = M(wr) - Y M(w,): (C.19)

Clearly, IT(w(;,)) determines all other II(W{;,))’s. Therefore, the solution set of (C.17) - (C.19)
is a one-dimensional linear subspace. The solution set of the DATE equation is empty if it has
no intersection with the set {II : II(w;,)) > 0,7 = 1,...,7}; otherwise, it must be a segment

which can be characterized as {A\ITV) + (1 — \)II® : X € (0,1)}.
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C.4.3 Proof of Theorem C.2

Let n = (II(wy), - . ., (7)) € RT. Then the DATE equation can be equivalently formulated

as

]~

(diag(w(;)) — & })) J () —n)n; = 0.
1

<.
I

Since w(;) = e;, diag(w(;)) = e;e; and we can reformulate the above equation as
T

1

(e, —&)ej J(e;—mm; =0 ij(n)ej = {Z fj(ﬂ)} $

<

where f;(n) = e].J(e; —m)n;. It can be equivalently formulated as an equation on n and a

scalar b:

> filne; = b¢. (C.20)

=1

This is because for any 1 that satisfies (C.20), multiplying 1J. on both sides implies that
T
b=b(E"1r) =D fi(n).
j=1
Taking the j-th entry of both sides, (C.20) yields that

fi(m) = &b. (C.21)

By definition,

T
1 1
fi(n) =mn; (ejTJej —ejTJ’O) = (1 -7 —Uj+f E 77j> :
j=1
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Since IT should be supported on {w), Wy, - .., W)},

T

T
D onj = M) =1 —T(ab)).
j=1 j=1

Therefore, (C.21) is equivalent to

(w;)) (1 — (w)) — H@;(O))) = &b

C.4.4 Proof of Theorem C.3

Let |w]|; be the Ly norm of w, i.e., [|wl|y = >, w;. For given II such that
IL(- | |wlly = &) ~ Unif Ve, \ WS ), K =1,....k,

By symmetry,

W
W,

Ew a[W [ [W]h] =

By the iterated law of expectation,

Ew nl||W
Buy (W] = By, B W | [ W] = 22y

Since J1p = 0, the DATE equation with £ = 17/T reduces to

Ew .o [(diag(W) — %WT) JW] = 0.

We will prove the following stronger claim:

1
Ew-m [(diag(W) - ?TWT) JW | ||W], = k'} =0, VK =1,...,k.

Conditional on ||W||; = K/,

/

k
JW =W — =1r, diag(WYW =W, W'W =W '1;=F
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Thus,

1
Evyo [(diag<w> _ %wT) JW | W, = k}

T

K K1y  E?1p
=Ewom |[W— =W —
W“l T T T

= Ew-n Kdiag(W) — 1—TWT) <W — ]%1T> | |W ], = k]

W, = k]

=0.

C.5 A general solver via nonlinear programming

For a general design Sqesign = {W(1),--., W)}, the DATE equation can be formulated as a

quadratic system. The j-th equation of DATE equation is
Ew-n [(e;W; — WE)TJ(W — Ew.n[W])] =0, (C.22)

Let p = (TL(w()), - . ., T(tx))) € RT, A = (), ..., ) € RTK B = (BY . BY) e
RT*K | and b = (b7, . .. ,b(lg))T € RX, where

BY = J(eswu,; — wwé) €RY, b = wiyB € R.

It is easy to see that BY) = J(eje] — &I)A and bYW = diag(A"BY). Then (C.22) can be

reformulated as
p'bl) — pT(ATB(j))p — 0.

As aresult, the DATE equation has a solution iff the minimal value of the following optimization

problem is 0:

T
min Z{pr(j) —p (ATBDp}? st.,p'1=1,p>0. (C.23)
j=1
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We can optimize (C.23) via the standard BFGS algorithm, with the uniform distribution being
the initial value. When the minimal value with a given initial value is bounded away from
zero, we will try other randomly generated initial values to ensure a thorough search. If none
of the initial values yields a zero objective, we claim that the DATE equation has no solution.
Note that (C.23) is a nonconvex problem, the BFGS algorithm is not guaranteed to find the
global minimum. Therefore, it should be viewed as an attempt to find a solution of the DATE
equation instead of a trustable solver.

On the other hand, when the DATE equation has multiple solutions, it is unclear which
solution can be found. In principle, we can add different constraints or regularizers to (C.23)
in order to obtain a ”well-behaved” solution. For instance, it is reasonable to find the most
dispersed reshaped function to maximize the sample efficiency. For this purpose, we can find
the solution that maximizes ming IT(w)). This can be achieved by replacing the constraint
p > 0in (C.23) by p > ¢l and find the largest ¢ for which the minimal value is zero by a binary

search.

D Aggregated AIPW estimator is not doubly robust
in the presence of fixed effects

We are not aware of other doubly robust estimators for DATE when the treatment and outcome
models are defined as in our paper. In the absence of dynamic treatment effects, it is tempting
to treat each period as a cross-sectional data, estimate the time-specific ATE 7, by an aggregated
ATPW estimator, and aggregate these estimates. To the best of our knowledge, this estimator
has not been proposed in the literature. However, perhaps surprisingly, we show in this section
that the aggregated AIPW estimator is not doubly robust because of the fixed effect terms in
the outcome model.

Specifically, for time period ¢, the AIPW estimator for 7; is defined as

7A't:

+E[Yie(1) | Xi] — E[Y;(0) | XA) :

lzn: (Vi = EYVae(D) | XiDWar (Vi — E[Yie(0) | Xi) (1 — W)
N3 P(Wy =1 X,) P(W; =0 X,)
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Then the aggregated AIPW estimator is defined as

It is known that 7; is doubly robust in the sense that 7; is consistent if either I@’(VVM =1) or
(E[Vi(1) | X;],E[Y;(0) | X;]) is consistent for all i and ¢. Importantly, the requirement on the
outcome model for the AIPW estimator is strictly stronger than that for the RIPW estimator;
the former requires both m;; and the fixed effects to be consistently estimated while the latter
only requires m;; to be consistent. It turns out that the extra requirement leads to tricky
problems of the AIPW estimator.

To demonstrate the failure of the AIPW estimator, we only consider the case with sample
size n = 1000 and a constant treatment effect to highlight that the failure is not driven by small

samples or effect heterogeneity. In particular, we consider a standard TWFE model
Yi(0) = o + Ap gy + €, i = X, Tw =T,

where 2% a; = Y1, A\, = 0. The other details are the same as Section 5.1,
Both the RIPW and the aggregated AIPW estimators require estimates of the treatment

and outcome models. First, we consider a wrong and a correct treatment model:

e (Wrong treatment model): set 7;(w) = |[{j : W; = w}|/n, i.e., the empirical distribution

of W;’s that ignores the covariate;

o (Correct treatment model): set 7;(w) = [{j : W; = w, X; = X;}|/I{j : X; = Xi}|, ie,

the empirical distribution of W;’s stratified by the covariate.

With a large sample, 7r; in the second setting is a consistent estimator of 7r;. For the aggregated
AIPW estimator, we use the marginal distributions of 7r; as the estimates of marginal propensity

scores. Similarly, we consider a wrong and a correct outcome model:
e (Wrong outcome model): 1 = 0 for every i and t;

e (Correct outcome model): run unweighted TWFE regression adjusting for interaction

between X; and time fixed effects, i.e., X;I(t = t') foreacht’ = 1,... t, and set m;; = XiBt.
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With a large sample, the standard theory implies the consistency of Bt, and hence My ~ my.
Unlike the RIPW estimator, the aggregated AIPW estimator requires the estimate of full con-
ditional expectations of potential outcomes, instead of merely m;;. In this case, a reasonble

estimate of the outcome model can be formulated as
E[Y;(0) | Xi] = & + A+ XiB,  E[Ya(1) | Xi] = E[Yx(0) | X;] + 7.

For short panels with 7" = O(1), the time fixed effects \;’s can be estimated via the standard
TWFE regression, which are known to be consistent. However, there is no way to consistently
estimate the unit fixed effect a; since only T" samples Yj, ..., Y;r can be used for estimation.
The central question is how to estimate «; for the aggregated AIPW estimator. Here we consider

three strategies:

(1) using the plug-in estimate of a;’s, even if they are inconsistent;

(2) pretending that «; does not exist and setting &; = 0;

Note that the first strategy cannot be used with cross-fitting because it is impossible to estimate
a; without using the i-th sample.

We then consider all four combinations of outcome and treatment modelling. Figure 6
presents the boxplots of 7 — 7 for the three versions of AIPW, RIPW, and unweighted TWFE
estimator.

First, we can see that all estimators are unbiased when both models are correct and biased
when both models are wrong. As expected, the RIPW estimator is also unbiased when one
of the model is correct, and the unweighted estimator is unbiased when the outcome model
is correct. However, none of AIPW estimators are doubly robust: the AIPW estimator with
estimated fixed effects is biased when the treatment model is correct, and the AIPW estimator
that zeros out fixed effects with or without cross-fitting are biased when the outcome model is
correct.

The bias of AIPW estimator that zeros out the fixed effects can be attributed to biased
estimates of the outcome model despite including the covariates. The bias of the in-sample
ATPW estimator can be attributed to the dependence between the outcome model estimates
and the treatment assignment. In fact, when T is small, this dependence is nonvanishing no

matter how fixed effects are estimated. On the other hand, the AIPW estimator is valid under
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Figure 6: Boxplots of 7 — 7 for the RIPW estimator, unweighted TWFE estimator, and the
three versions of AIPW: "AIPW (w/ FE)” for the one fit on the entire data with estimated
fixed effects, ”AIPW (w/o FE)” for the one fit on the entire data with fixed effects zeroed out,
and "AIPW+CF (w/o FE)” for the cross-fitted one with fixed effects zeroed out.

a correct treatment model but a wrong outcome model only when the outcome model estimate
is asymptotically independent of the assignments. In sum, there is no simple way to estimate

fixed effects to make the resulting aggregated AIPW estimator doubly robust.

E More details of the OpenTable dataset

We collect the variables from different sources.

e Daily state-level year-over-year percentage change in seated diners provided by OpenTable

[OpenTable| (outcome variable): https://www.opentable.com/state-of-industry.

e Indicator of whether the state of emergency has been declared [Perper et al.] (treatment

variable): https://www.businessinsider.com/

california-washington-state-of-emergency-coronavirus-what-it-means-2020-3.

e Daily state-level accumulated confirmed cases [Dong et al., 2020] (covariate): https:

//coronavirus. jhu.edu/.
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Variable Mean SD  1st quartile 3rd quartile

Reservation Diff. (in %) -8.89 14.94 -17.00 -1.00
Confirmed Cases 14.55 50.10 0.00 7.00
Vote Share 49.40 9.72 40.11 57.18
log(#Hospital Beds) 9.83 0.81 9.37 10.24

Table 4: Summary statistics.

Average Confirmed Cases Number of Hospital Beds

8 9 10 11

Count

Average Reservation Difference (in %)

Vote Share of Democrats (2016 Presidential Election)

02729 03/01 03/02 03/03 03/04 03/05 03/06 03/07 03/08 0309 03/10 03/11 03/12 0313 30 40 50 60 70
Date

Figure 7: (Left) daily average of the reservation difference and confirmed cases. (Right)
histograms of number of hospital beds and vote share.

e Vote share of Democrats based on the 2016 presidential election data [MIT Election Data
and Science Lab, 2018](covariate): https://dataverse.harvard.edu/dataset.xhtml?
persistentId=doi:10.7910/DVN/VOQCHQ.

e Number of hospital beds [Zemel et al.](covariate): https://github.com/rbracco/covidcompare.

The summary statistics are reported in Table 4. We also plot the daily average of the
reservation difference and confirmed cases as well as the histograms of the other two variables

in Figure 7.
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