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APPENDIX A: SETTING NOMINAL RATES OUT OF EQUILIBRIUM

REAL RATE RULES WORK AS COMBINING the rule with the Fisher equation leads the real
rate terms to cancel out. Could this cancellation mask a singularity that would prevent
the central bank from setting rates according to a real rate rule? To see the apparent
problem, suppose that the economy is currently in period 1, and that all in future periods,
the central bank’s behavior will be given by the simple real rate rule of equation (2).
Assume the Fisher equation (1) always holds. Then, for ¢t > 1, r, + E, 7,y =i, = 1. + ..

Our discussion up to now would naturally lead the reader to conclude that 7r, = 0 for all
t > 1, unconditional on whatever happens in period 1. Suppose this were true. Then, the
period 1 Fisher equation would imply that i; = ;. Thus, apparently, nothing the central
bank could do in period 1 could ever produce i; # r;. In particular, it seems that the
central bank cannot apply a real rate rule in period 1 if 7y # 0. This is incorrect, though,
as if a real rate rule applies from period 1 onward, it is only the case that 7r, = 0 for all
t > 1if it happens that 7y = 0. This confusion stems from us having given an incomplete
description of equilibrium up to now. A full equilibrium description specifies the outcome
for every possible history, not just those on the equilibrium path.

A full description of the standard equilibrium of the Fisher equation (1) and real rate
rule (2) is as follows. Suppose the rule was introduced in period 1. Then, for all # > 1, if
my=0forall se{l,...,t— 1}, then 7, = 0. Otherwise, m, = ¢,_;. This implies that on
the equilibrium path, m; =0 (aswith r =1, the set {1, ..., ¢t — 1} is empty), and hence 7, =
0 for all # > 1. However, suppose that off the equilibrium path, 7; # 0. Then m, = ¢y,
and hence the period 1 Fisher equation states that i; — r; = ¢ ;. Thus, i; — ry is not fixed;
it is a function of period 1 inflation, something that the central bank can affect in period
1 via open market operations. There is no singularity.!

APPENDIX B: LAGS IN THE PHILLIPS CURVE AND EULER EQUATION

The robust real rate rule of equation (6) is also robust to the presence of lags in the
Euler or Phillips curve. For example, suppose the Phillips curve and Euler equation are
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given by

T = E(l - Qw)Et’”'zH + EQ#’“’FI + kX, + Kk, (15)
X = 5(1 — 0:)E X1 + ’5Qxxt—l - 9(rt - n),

where B and & may not have the same structural interpretation as 8 and & (depending
on the precise micro-foundation). These equations have no impact on the solution for
inflation, which remains 7, = —ﬁ{ .. Instead, the lag in the Euler equation changes the
dynamics of the real interest rate, with no impact on inflation or output gaps, while the
lag in the Phillips curve affects both output gap and real rate dynamlcs with no impact
on inflation. In particular, the output gap is given by x, = 7— ¢ o) [(Bo. — p(1 — B(1 —

0.)p) o — (1 = B(1 — 0.)p)ec.] — w,. As before, the output gap has a closed-form
solution in terms of the monetary policy and cost push shocks. Monetary policy shocks

are still always contractionary, but they only have a short-lived impact on the output gap

d 2i=£p) p(1—Bp)

if o, is aroun B

APPENDIX C: RESPONDING TO OTHER ENDOGENOUS VARIABLES

The original Taylor rule contained a response to output. Even with a unit coefficient on
the real interest rate, responding to output will change determinacy conditions, though it
still preserves some robustness. To see this, consider the monetary rule, i, =r, + ¢, 7, +
¢.x, + ;. Suppose the lag-augmented NK Phillips curve (15) holds; then this monetary
rule is equivalent to the rule

i =r+¢,m+ K™ ¢x[77t - E(l - Qw)EtWH—l - EQth—l] -0, + (.

(This is produced by using the Phillips curve to substitute out the output gap.) Combined
with the Fisher equation, we have that

Et'n't-H = (157777': + Kﬁ]d’x[ﬂ't - E(l - Qﬂ')EtWH—l - Ewat—l] - d)xwt + gt-

This has a determinate solution if the quadratic

[1+ K¢ B — 0:)]A* = (¢r + k' b) A+ k' b BO-=0

has a unique solution for A4 inside the unit circle. It is sufficient that the quadratic is
positive at 4 = —1 but negative at 4 = 1, which holds if and only if 1 + « "¢, (1 + B) +
$,>0and1— k"¢, (1—B)— ¢, <O0. So if k>0, ¢, >0, and B € [0, 1] as expected,
then it is sufficient that ¢, > 1 as before.? This is still considerable robustness. Providing
there is something like a Phillips curve linking inflation and the output gap, the standard
¢~ > 1 condition will be sufficient for determinacy. This would not hold with a more
standard monetary rule; in that case, determinacy depends on 6 and s, as shown by the
Bilbiie (2008, 2019) results discussed in Section 3.2 of the main text.

Responding to real rates provides additional robustness even with a response to output
as it disconnects the Euler equation from the rest of the model. The only remaining role

2This is stronger than necessary. The second condition states that ¢, + k1, (1 — E) > 1, so a response
to the output gap can substitute for a response to inflation. This condition is identical to that for the standard
(purely forward-looking) three-equation NK model with Taylor type rule found in Woodford (2001).
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of the Euler equation is to give a path for real rates, given the already determined paths of
output and inflation.®> The Fisher equation, not the Euler equation, is central to monetary
policy transmission under real rate rules.

For greater robustness, the central bank can replace the response to the output gap
with a response to the cost push shock w,. With an appropriate response to w,, this is ob-
servationally equivalent to responding to the output gap, but ensures determinacy under
the standard Taylor principle.

However, it may be hard for the central bank to observe the cost push shock. To get
around this, suppose that the central bank knows that a Phillips curve in the form of
Eq. (15) holds. (Our results would generalize to other links between real and nominal
variables.) For now, suppose the central bank also knows the coefficients in Eq. (15).
Then the central bank could use a rule of the form

I,=r+ ¢’7T7T[ + ¢x[xt - K_l[’n-t - E(l - Q#)EIWH] - EQ’TWFl]] + 5['

By Eq. (15), this implies that i, =r, + ¢, 7, — d,w, + {,, as desired. Of course, the cen-
tral bank is also unlikely to know the coefficients in the Phillips curve. However, we show
in Supplemental Appendix K.5 in Holden (2024) that the central bank can learn these
coefficients in real time, without changing the determinacy conditions, at least under rea-
sonable parameter restrictions.*

If the central bank wishes to respond to other endogenous variables, a similar approach
should be possible if they are aware of the broad form of the model’s structural equations.
However, the central bank may worry about having fundamental misconceptions about
how the economy works. They can be reassured, though, that the Taylor principle is suf-
ficient for determinacy if the response to other endogenous variables is small enough, no
matter the form of the model’s other equations. We prove this in Supplemental Appendix
K.1 in Holden (2024). This also implies that a precise unit response to real rates is not
needed for determinacy. Real rates are just another endogenous variable, so determinacy
only requires a response sufficiently close to 1.

Classic results on determinacy in monetary models can be reinterpreted through this
lens. Even if the central bank is not responding to real rates, it is still likely to be respond-
ing to variables that are correlated with them. Our results imply that rules sufficiently
close to a real rate rule must be determinate.

For example, many models contain a Euler equation of the form

1
C \
1= B(exprt)E,(C d ) ,
t+1
where C, is real consumption per capita and s is the elasticity of intertemporal substitu-
tion. Additionally, in many models, in equilibrium, consumption growth roughly follows
an ARMA(1, 1) process:

C
g = log(C d > =1 —pg)8+ Pe&i1+ €00+ 05801, g7 WN(O, crgz).

t—1

3This is analogous to how the Euler equation is slack when solving for optimal monetary policy. In that case,
the combined Euler equation and Fisher equation give the level of nominal rates required to hit the optimal
output gap and inflation. The author thanks Florin Bilbiie for this observation.

*1t is sufficient (but not necessary) that ¢, >0, ¢, >0, k > 0, E €[0,1], 0, €1[0,1), p€[0,1), and ¢, >

max{~——,2(1 — 0,.), M}.

B(l-omx)’
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(This is a good approximation to U.S. post-war data.’) Combining these two equations
gives that

2

r.=—logB+ ! pgg - 1<2) + &g, + %8&,,
S 2\ s S S

implying that a (roughly) %g response to consumption growth can substitute for a

(roughly) unit response to real rates.

Of course, output (growth, level, or gap) is in turn highly correlated with consumption
growth, so output (growth, level, or gap) may also substitute for real rates. For example,
in the Smets and Wouters (2007) model of the U.S. economy, the monetary rule is of the
form i, = ¢, + z, + {,, where z, is a linear combination of other endogenous variables
and ¢, is the monetary shock. At the estimated posterior mode, the correlation between z,
and the real interest rate is 0.63, with both variables having standard deviation of 0.46%.6
Thus, the Smets and Wouters (2007) estimates imply that (in a sense) the Fed is already
about two thirds of the way to using a simple robust real rate rule.

There is one final way of allowing an interest rate response to other endogenous vari-
ables that is both simple and robust. Rather than placing the endogenous variables di-
rectly within the rule, the central bank can follow a time-varying inflation target which is
a function of these endogenous variables. We propose this approach in Section 2 of the
main text.

APPENDIX D: LEARNING AND BOUNDED RATIONALITY

Our results on Fisher wedges in the main paper (Section 3.3) suggested that as long as
6 is large enough, real rate rules should continue to work in the presence of departures
from perfect rationality. Here, we verify this for several popular models of learning and
bounded rationality.

D.1. Adaptive, Naive, and Extrapolative Expectations

Branch and McGough (2009) supposed that aggregate inflation expectations are a
linear combination of rational expectations and an additional term capturing adaptive,
naive, or extrapolative expectations. In particular, agents’ period ¢ expectation of pe-
riod ¢ + 1 inflation is given by aE,7,,; + (1 — a)67,_;. Here, a € [0, 1] gives the weight
on rational expectations, and 6 > 0 controls whether the non-rational part is adaptive
(0 < 1), naive (6 = 1), or extrapolative (8 > 1). This leads to the behavioral Fisher equa-
tioni,=r,+aE,m 1+ (1 — a)bm,_,.

We suppose that the central bank follows the monetary rule of equation (6), i, =
r+ ¢ + {;, where ¢, is an AR(1) process with persistence p € (—1,1), and where
¢ > 0 at least. Combining this monetary rule with the behavioral Fisher equation then
gives that oE, 7, — ¢, + (1 — @)0m,_; = {;. If @ =0 (meaning there are no rational

SEstimating on U.S. data from 1947Q1 to 2023Q4 (U.S. Bureau of Economic Analysis (2024)) with T-
distributed shocks gives p, = 0.64, 6, = —0.43 (p-values both below 0.001). Using Gaussian shocks on data
up to 2019Q4 gives similar results (p, = 0.67, 6, = —0.53). These results can be generated by running the
MATLAB script “Main.m” provided in this paper’s replication materials.

These results can be generated by running the MATLAB script “Main.m” provided in this paper’s repli-
cation materials. The code for replicating Smets and Wouters (2007) is derived from code provided by Pfeifer
(2024), itself based on the authors’ original replication code (Smets and Wouters (2019)).
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agents), then this is purely backward-looking and hence has a unique solution, given by
m=¢ (1 —a)fm_, — ¢~ . For stability, we need ¢ > 6, which is stronger than ¢ > 1
if 6 > 1. When «a > 0, the system is determinate if and only if ¢ > a + (1 — «)6, which
again may be stronger than ¢ > 1 if § > 1.7 At least for sufficiently large ¢, though, the
solution is unique and stable, even in the extrapolative case of 6 > 1. Furthermore, as
¢ — oo, Var 7, — 0. This means that sufficiently aggressive monetary policy is capable of
squashing the variance of inflation, even in the presence of adaptive, naive, or extrapola-
tive expectations.

D.2. Diagnostic Expectations

Under diagnostic expectations (Bordalo, Gennaioli, and Shleifer (2018), LHuillier,
Singh, and Yoo (2023), Bianchi, Ilut, and Saijo (2023)), agents use the non-rational ex-
pectation operator E? defined by

J
1 .
6 o RE:t+1 RE:r+1 ~ RE:t—j+1
E/vi =Ew +0 | Ev T — J E v, ,
j=1

t+1
a;
j=1

where v, is any endogenous variable, 6 > 0 governs the overreaction to new information,
ay,...,a; govern the relative importance of memory at different horizons, and where
vRES s the value v, would take if all agents had rational expectations from period s on-
ward. (This definition follows Bianchi, Ilut, and Saijo (2023) in assuming agents take a
naive approach to dealing with their own time inconsistency.) In the following, we will
take J = oo, meaning that memory matters at all horizons. We set @; = (1 — a)a/~! giving
geometric discounting to distant memories, governed by the parameter « € (0, 1). The
J =1 case of LHuillier, Singh, and Yoo (2023) is nested here as the limit « — 0.

As before, we are interested in the solution to the model governed by the monetary rule
of equation (6) with the diagnostic Fisher equation:

I =r +E?Pz+1 — Ds»

where p, is the logarithm of the price level, so 7, = p, — p,_;.® We assume ¢ > 1. Note
that the Fisher equation is given in terms of expectations of the price level, not of inflation.
The two are not equivalent under diagnostic expectations, and it is the expectation of the
price level that emerges from the Euler equation (see CHuillier, Singh, and Yoo (2023)
and Bianchi, Ilut, and Saijo (2023)).

Now, by the results of Section 3.1, for # > s, pRES = pREs ﬁ{t =P — ﬁ S b
Hence, for j > 0,

RE:/—j+1 1 - Ly 1—pit!
Bejpir 7 =Py — s E Ejle=pej—p s—p 15"
ke=t—j+1

"For determinacy, the quadratic g(A) := @A? — ¢ + (1 — @) 6 must have one root for A inside the unit circle,
and another outside. Note ¢(0) = (1 — «)6 >0, ¢”(0) > 0, and ¢’'(A) =0 if and only if A = % > 0. Thus, there
is determinacy if and only if 0 > g(1) = — ¢ + (1 — ) 6.

8Supplemental Appendix H.2 in Holden (2024) justifies introducing the price level in this way.



6 TOM D. HOLDEN
So, from the Fisher equation and the definition of diagnostic expectations,

i =r+EpiiT + B[Etpli'?’“ —(l-w)) o 1Et-;pf{+'5£”'”} - D

Jj=1

_ ¢ e
b—p b—p

where the auxiliary state s, evolves according to s, = as,_; — (=7, — p(1 + p)df—_’p — Zi 1,

=r +0|:7T,—p —(1—a)s,1i|,

and where the auxiliary state z, evolves according to z, = apz,_; + a;ﬁﬁ. Thus, by the

monetary rule,
6\ " 9 e 0
= — 1__ 1 — - 1_ t— B
i < ¢) [<+¢”)¢—p+¢>( @)s }

_ 9 a AN ¢
ey [155(0-8) (o) eni oo

Inflation 7, is stationary if and only if s, is stationary. Since z, is clearly stationary, for s,

to be stationary, we need that a% € (—1, 1). Given our assumptions, this requires that
¢ > max{l, &}. Bianchi, Ilut, and Saijo (2023) estimated # = 1.97 and a mean memory
horizon of around 5.44, corresponding to o = 0.18, so we would need ¢ > 2.40. If ¢ were
below this value, then inflation would explode. This comes from compounding overreac-
tions to past overreactions.

Still, for ¢ large enough, inflation is stationary. Furthermore, as ¢ — oo, Var m, — 0,
and Var((¢ — p)m: + {;) — 0 as well. The latter fact means that with even moderately
high ¢, inflation’s dynamics are very close to its dynamics under rational expectations.
Hence, as long as the central bank is moderately aggressive, a real rate rule gets inflation

to target even in the presence of diagnostic expectations.

SO

D.3. Finite Horizon Planning

Woodford (2019) gave a model of limited planning horizons. Agents are assumed to
optimize over decisions in finitely many future periods, using a learned value function to
evaluate outcomes at their planning horizon. We will focus on the simple case in which
planning horizons are heterogeneous across agents, with a fraction (1 — a)a’ of house-
holds having planning horizon je N, where « € (0, 1). With a learned terminal value func-
tion, this leads to the Fisher equation’

L—L=r—T +aEt(7Tt+l _Fzﬂ),

where the (learned) trend levels of nominal rates, real rates, and inflation, i,, 7., and 77,
respectively satisfy ¢, =i, — 7, = a7, + (1 — @) u,_1, assuming the monetary rule is again

9We derive this by combining the Euler equation for nominal bonds in equation (61) of Woodford (2019)
with a Euler equation for real bonds produced by setting 7,1 = 77,1 = 0 in the same equation, (61).
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given by equation (6), where u, (a measure of the relative marginal value of real over
nominal bonds) evolves according to

=1 =y)p1 +y(m — Ez‘)a

where vy € (0, 1) controls the speed of household learning.'” Thus, if we define m := ;)%“,
then 77, = mu,_{, SO

<[] ) )

R

The large matrix here has eigenvalues 1 —y € (0, 1) and %. Thus, for determinacy, we just
need that ¢ > «, which is strictly weaker than ¢ > 1. The solution has

i

(b—a{p, o= (1—=y)p 7¢_ap'
As with diagnostic expectations, as ¢ — oo, Varar, — 0, and Var((¢ — p)m, + () — 0
as well, so again a large ¢ brings dynamics toward those under rational expectations. It
is particularly reassuring that with finite horizon planning, determinacy conditions are
weaker than under rational expectations. Given a mix of finite horizon expectations and
diagnostic or extrapolative ones, it is likely that ¢ not much larger than 1 would be suffi-
cient.

e =M —

D.4. Least Squares Learning

Under least squares learning (Marcet and Sargent (1989), Evans and Honkapohja
(2001)), agents update their beliefs about the laws of motion of endogenous variables
via recursive least squares. We suppose the real rate rule of equation (6) is introduced
in period 1, and we allow agents to begin with prior beliefs that may not be centered on
the rational expectations solution. For simplicity, we assume agents can directly observe
the monetary shock ¢,. (Without this assumption, we can still prove local convergence of
beliefs to rational expectations. With it, we will have global convergence.) We also assume
that the shock to ¢; is normally distributed.

Since agents observe the exogenous process ¢, by the strong law of large numbers, their
estimates of the parameters of ¢,’s law of motion converge almost surely. Thus, without
loss of generality, we can assume that they already know these coefficients. Then, let v
be the known variance of ;. We suppose that in period ¢, agents believe that for all s,
7, = a, + b,{; + &, where they believe E; ;&; = 0. Allowing for a constant seems natural,
as they may not know the inflation target (here zero), or the size of the static Fisher
equation wedge (here also zero). They estimate the coefficients a, and b, by recursive
least squares, given some initial prior beliefs a, and b, with weight w > 0, and given the
known value of v. Hence,

a|  |a 1 1w
M = [b] T rwo M (= 81 = bi o).

0The right-hand side of the equation for i, — 7, and the law of motion for u, are derived from subtracting
versions of equations (46), (59), (65) of Woodford (2019) for real bonds from the corresponding equations for
nominal bonds.
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Agents then approximate E,,,; by a, + pb,{,, so from the monetary rule, a, + pb,{, =
¢, + ¢,. Thus, if we define m, := - (1 + pg—f), then

tHw

T = %[at + (Pbt - 1)§t] = %mtﬂ't + %[(1 - mt)at—l + (P - mt)bt—lgt - gt]

Som, = (¢p—m,) ' [(1—m)a,,+ (p—m,)b,_1{ — {]. Substituting this back into the law

of motion for [;'] gives a recurrence for these variables to which we can apply a slight

generalization of Theorem 6.10 of Evans and Honkapohja (2001). We do this in Supple-

mental Appendix K.11 in Holden (2024) and so prove that if ¢ > 1, then with probability
1

1, a, converges to 0 and b, converges to —0 Since m, converges in probability to zero,

this implies , + ;—jp converges in probability to zero as well. Thus, agents succeed in
learning the rational expectations solution, no matter what the initial conditions are. This
guarantee of global stability under least squares learning is a large improvement over the
situation with standard monetary rules, for which at best local stability can be proven (see,
e.g., Bullard and Mitra (2002)).

D.5. Constant Gain Learning

If agents believe parameters may be non-stationary, then it is no longer reasonable to
perform standard least squares learning. Instead, it is natural to assume that they learn
with a constant gain coefficient on new observations (Evans and Honkapohja (2001)).
This replaces the ﬁ gain in the law of motion for [}’ ] above with some constant, y > 0.
For simplicity, we start by looking at the p = 0 case. As before, we assume that agents
know the coefficients governing ¢, so they know that p = 0. Then a, and b, evolve ac-
cording to

[ 1 1- =17 bt— t — 6t
DI I I
_ b1 o
_ 1—’)’(2,)_7 _’yd)_’ygt |:at_1:|_ y é’é
_7¢_lé ¢) gtz bt—l d) 0% 2t
| "d—yv b—vyv

The results of Conlisk (1974) imply that the mean and variance of [, ] converge to finite
constants if and only if the eigenvalues of the expectation of the Kronecker product of the
transition matrix with itself are in the unit circle. These eigenvalues are 1 — % Y+ O((?),
1- 22y +0(y), 1 - 2%y + O(y?), 1 =2y + O(¥*) as y — 0. So ¢ > 1 is sufficient
for the mean and variance of [}/ ] to converge to finite constants for all sufficiently low
v. In this case, Eya, — 0 and Eob, = —é as t — oo, as expected. Moreover, note that by
continuity in p, the convergence of means and variances generalizes from the p = 0 case.
In particular, for all ¢ > 1 and all p and vy sufficiently close to 0, the mean and variance
of [, ] will converge to finite values (continuous in p).

Finally, from the explicit formula for the variance given in Conlisk (1974), we have that
with p =0, ¢ > 1, and vy sufficiently low, Varo[,‘jf] — 0 as t - oo, meaning that a, and b,
converge in probability to the truth. (Note thatif ¢, ; =0and b, | = —i, then a, =0 and

b, = —é as well.) Thus, even though agents are using a constant gain, they still manage to
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exactly learn the true parameters, whatever the initial conditions. It is easy for agents to
learn the rational expectations equilibrium under a real rate rule!

APPENDIX E: NON-LINEAR EXPECTATIONAL DIFFERENCE EQUATIONS
E.1. General Setup
We are interested in the non-linear expectational difference equation

* — *
Hz|z N\ _E =78 Hl+1|t
1 'E,E,, 1
t [7=TNN IS S VAN

If we define X, := "’t Land Z, := E:* L, then this difference equation is a particular ex-

ample of the more general equation
X[d) ZEtZt+1Xt+l-

We show in Appendix E.2 below that if Z, =1 for all #, then this has a unique solution
for ¢ > 1, and we show in Appendix E.3 that it still has a unique solution for arbitrary Z,
under a few additional conditions, and that the solution is approximately unique under
even milder conditions.

For the results of Appendix E.3 to apply, we need that II, is bounded above. This is
true in any model with monopolistic competition in which at least some small fraction of
firms do not adjust their price each period. This does not seem an unrealistic assumption,
at least if the model’s time periods are sufficiently short. Even under hyper-inflation, it is
still unlikely that firms adjust prices many times per day.

I1, is bounded above in such a model because the price level remains finite even if ad-
justing firms set an infinite price, as all demand switches to non-adjusting firms. For exam-
ple, the model of Fernandez-Villaverde, Gordon, Ggerr(’)n—Quinglna, and Rubio-Ramirez
(2015) contains the equation: 1 = 6I1°' + (1 — )I1}~¢, where II, is the relative price of
ad]ustmg firms and & > 1. This equation comes from the definition of the aggregate price.

As I, — 00, I, > 671 < oo; thus, inflation is always bounded above, as required.

E.2. Uniqueness of the Solution of a Simple Non-Linear Expectational Difference Equation

Let ¢ > 1. We seek to prove that the non-linear expectational difference equation
X ,d) - ]EtXt-H’

has a unique solution that is:

(1.) positive (i.e., X; > 0 for all e Z),

(2.) strictly stationary (so, e.g., EX,=EX, for all ¢, s, € Z),

(3.) and has bounded unconditional mean and log mean (i.e., EX, < oo and |[Elog X,| <

oo for all te Z).

Clearly X, =1 is one such solution.

Let X, be a solution to X = E, X, satisfying (a), (b), and (c) above. Let x, :=log X,.
Then, from taking logs, we have

¢x,=logE,expx, >logexpE,x; .1 =E, x4,
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by Jensen’s inequality. Therefore, by the law of iterated expectations, for any k€ N,
& x, = Ex ok =EiX .

As k — oo, the left-hand side tends to either plus infinity (if x, > 0), zero (if x, = 0),
or minus infinity (if x, < 0). On the other hand, as kK — oo, the right-hand side tends to
Ex, > —o0, by stationarity. Thus, we must have that x, > 0 for all t€ Z, else this equation
would be violated. Hence, X, > 1 for all te Z.

Now note that by stationarity, the law of iterated expectations, and Jensen’s inequality,

EX,=EX, 1=EEX, 1= EX? = (EXt)¢7

so 1 > (EX,)*"!, meaning EX, < 1. However, since X, > 1 for all t€ Z, the only way we
can have that EX, <1 isifin fact X, =1 for all te Z.

Therefore, X, =1 is the unique solution to the original expectational difference equa-
tion satisfying (a), (b), and (c) above.

E.3. Uniqueness of the Solution of a More General Non-Linear Difference Equation

Let ¢ > 1 and let (Z,),.z be a stochastic process satisfying the following conditions:

(1.) Z, >0, for all te Z,

2) EZ =1, forall te Z,

(3.) (Z,)icz is strictly stationary,

(4.) there exists Z > 1, independent of the stochastic process (X;);z (to be intro-
[

duced), such that for all ¢ > ¢, and for all r€ Z and all ke N with k& > 0, EZ" <
AR
The larger is ¢, the weaker is the moment boundedness assumption (iv). For example,
if ¢ = 2, then this just requires bounded second moments.
Let X €(0,1) and let ¢ > ¢. We seek to prove that the non-linear expectational dif-
ference equation, N

X,(b = EtZt+lXt+1a

has a unique solution that is:

(a) bounded below by X (so X, > X > 0 for all e Z),

(b) strictly stationary (so, e.g., EX,=EX| for all ¢, s, € Z),

(c¢) and has bounded unconditional mean, ¢™ mean and log mean (i.e., EX, < oo,

EX; < 0o and |Elog X,| < oo for all te 7).

Clearly X, = 1 is one such solution. Note that Z, may be a function of X, and its history,
so Z, and X, are not guaranteed to be independent. The previous subappendix covers the
case with Z, =1 in which slightly weaker assumptions are needed.

First note that for all te Z,

1= EtZt+1 = Et[zt-Hl] = IEt|:Zt+1Et+1[Zt+21]] = ]Ez [Et+1[zt+lzt+21]]
= Et[zt+1zl+21] = Et[zt+1zt+2Et+2[Zt+31]] =
k
=E, [1_[ Z,ﬂ} , VkeN,
j=1

by assumption (ii) and the law of iterated expectations.
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Now let x, :=log X, and x :=log X. Then, from taking logs, we have
éx, =10gE,Z,expx,q > logexpE, Z, 1 X1 =K, Zip1 X 44,

by Jensen’s inequality, as E,[Z,; x ()] defines a measure since E,Z,,; = 1. Therefore, by
the law of iterated expectations, for any ke N,

k k
d)kxt > ]E, |:1_[ Z,+j:|x,+k > E, |:l_[ Zt+ji|£:£ > —0Q,

j=1 j=1

by the result of the previous paragraph. As k — oo, the left-hand side tends to either plus
infinity (if x, > 0), zero (if x, = 0), or minus infinity (if x, < 0). Thus, we must have that
x, > 0 for all e Z, else this equation would be violated. Hence, X, > 1 for all te Z.

Now, define z :=log Z, and for all te Z and all ke N with k > 0 define

Ziek = log[E,Z7, ‘]¢ l <7z,

t+k

by our assumptions (iv). Then by repeatedly applying Holder’s inequality,

&=

X! =EZ.uX <[EZ], 1]%[1&,)("’ ]

t+1 t+1

45 1 i
[

[E Zztill] []Et[[]Et+1Zt+2 ] ’ [EH]X;ZZ]

o1
2

o=
o=

1]

[EZ“J%[M 1 [ExE,]"

t+1 t+2

IA

| /\

EZ51] T [EXY,]F
t+k >

t+]

H:I»

for all ke N with k£ > 0. Thus, from taking logs and limits,

N

ad - 1 . ad o
Xe = Z ¢7]Z”’+j + E kh_)rgv[d) g log]E Xt+k Z ¢7]Zt,t+j =< ¢) _1’
j=1 j=1

where the equahty follows from the fact that by stationarity, lim,_, . E,X? ke =EX; ¢ < oo0.

Thus, X, < Z = for all te Z. By assumption, Z is not a function of ¢, so as ¢ — oo, this
upper bound on X, tends to 1. Hence, for large ¢, X, ~ 1, giving approximate uniqueness.

We can derive even stronger results in the case in which ¢ = 1 (in our assumptions) and
one additional assumption holds. First note that with ¢ = 1, from taking limits as ¢ — 1
in assumption (iv), we must have that Z, < Z with probability 1 (for all te Z).

Let Z7 be the value that would be taken by Z, if it were the case that X, =1 for all te Z.
So, it is also the case that Z* < Z with probability 1 (for all t€ Z), by our assumption (iv).
Suppose further that there exists « > 0 such that

E|Z, - Z;

<kE(X,—-1).
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This is reasonable, since if X, — 1 (almost surely), we expect that Z, — Z* (almost surely)
as well.
Now note that
1 1
E(X, — 1)=E[(E,Z1 X)) ¥ —1]< E[a(E,Z,HX,H 1)] “[EZ.X,—1]

(using stationarity and the law of iterated expectations in the final equality). Thus,

E(X, — 1) =E[(E,Z1 Xi1)* — 1]< E[%(E,Z,HXM 1)] —[EZ.X, - 1]

%[ Z.X~EZ] = %[E(Z, _Z)XAEZI (X, — 1)]
%[E|Z ZIXAEZ (X, —1)]

%[KE(X — 1)Z¢+1 + ZE(X, - 1)]

1

=—| KZoT + Z|E(X, - 1)

e_

(from, respectively, the convexity of y y%, stationarity, and the law of iterated expec-
tations, the fact that EZ* = 1, algebra, that y < |y|, our bounds on X,, E|Z, — Z*|, and
1

Zr, and more algebra). As ¢ — 00, kZ* ' + Z — k + Z < o0, so for large ¢ it must

—_1 —
be the case that 3[xZ*" + Z] < 1. Hence, if ¢ is large enough for this to hold, then
E(X, —1) <0. However, since X, > 1 for all e Z, the only way we can have that EX, <1

is if in fact X, =1 for all te Z.
Therefore, for large enough ¢, X, =1 is the unique solution to the original expecta-

tional difference equation satisfying (a), (b), and (c) above.

APPENDIX F: DETERMINACY WITHOUT THE RESPONSE TO THE CHANGE IN
RELATIVE INFLATION

We suppose that the central bank sets nominal interest rates using the rule

fr—s =max 0, ry—s + Vys + (G—1j—1—s = Fi—1ji—1-5 — Vr—1}i-1-5)

.
‘HEtS E:ﬂ-t—%—kL Er1-s— 2:7711+kL+07Tt5_7Tt—S)

with 6 > 0. Define A, := (Vi1 — Vissir) — (Vi—145p—1 — Pi—14s)-1) (as in the main text), and

T

~ .
e =K — E (7Tt+k—L+S - 7T,+k_L+5)-

k=1
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Then, combining the monetary rule with the multi-period Fisher equation from Sec-
tion 5.2 gives

e +A =01+ 6(m — 7).
And substituting this back into the definition of e, then implies

T

0Te, =E, E (et+k—L+S — €rk-Lt+s-1 T At+k—L+s)-
k=1

When A, is exogenous, this expectational difference equation has a unique solution if and
only if it has a unique solution when A, =0 for all ¢. In this case, via the substitution
e; = c\', we have the characteristic polynomial, 6T A*~5 = AT — 1. (Note, our assumptions
imply 7 > L — S >0and T > 1.) The roots of this equation decide the determinacy of e,
(and hence ;). For determinacy, we need L — S > 0 roots strictly inside the unit circle,
corresponding to the lags of e, in our difference equation, and 7' — L 4+ .5 > 0 roots strictly
outside the unit circle, corresponding to the leads of e, in our difference equation.
We will prove that the polynomial

AT —1=0TA\S

has L — § roots strictly inside the unit circle and T — L + § roots strictly outside the unit
circle, if either L —S=0o0r 6 > 2.

First, note that in the special case of L — S = 0, the result is trivial, as the polynomial
becomes AT =1+ 6T, so [A|=(1+ OT)% > 1 as required. (This case overlaps with the
result of the main text.)

Next, note that as § — oo, L — S roots go to 0, so at least for large 6, L — S roots are
strictly inside the unit circle, as needed. What happens to the other T — L + § roots as
0 — oc0? If T =L — S, then there are no such roots, so assume 7 > L — S. To examine

what happens to these roots, first define « := B‘ﬁ, so k — 0 as 6 — oo, and
(AT —=1) = T TEH9ON5 = 0.
Next, suppose A = zk ! where z = z, + O(k) as k — 0, so
((zg +O(k))k T =1) = T(z,° + O(k)) k" =0,
as k — 0. Multiplying by x” then gives
zy — k" =Tzy ™ +O(k) =0,
as k — 0. Hence, as T > 1, we must have that zI' — Tz}~ =0, so

log(T) + 2imk

—————— | |ke{0,..., T—L+S5-1
ZOE:CXp< T_LTs ‘ €{0,..., + i
where 7 is the mathematical constant usually denoted by 7, and i := +/—1. Thus, as A =
2ok~ + O(1), as k — 0 (meaning 6 — 00), |\| = c0. So, as required, for large enough 6,
the other 7' — L + S roots are strictly outside the unit circle. That is, we are guaranteed
determinacy for sufficiently large 6.
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Now, suppose @ is large enough to give determinacy, and consider what happens as 6 is
continuously reduced toward zero. There are two possibilities: either for some critical 6 a
root crosses the unit circle, or there is determinacy for all positive 6. In the former case,
there must be some Ae C with |A| = 1 such that the critical value of 6 is

L, A1
But then by the triangle inequality,
AT+l 2
0* = 9* < —=—.
— Tl/\|L_S T

Hence, in either case, for any 6 > %, we must have L — § roots strictly inside the unit circle
and T — L + S roots strictly outside the unit circle, as required.

APPENDIX G: FISCAL THEORY OF THE PRICE LEVEL (FTPL) RESULTS

G.1. Exact Equilibria Under Active Fiscal Policy With Geometric Coupon Debt and Flexible
Prices

Suppose the representative household supplies one unit of labor, inelastically. Produc-
tion of the final good is given by y, = [,(= 1). In period 0, the representative household
maximizes E, Y-, B'logc,, subject to the budget constraint

Pe+A4,+0B +Pr =Py +1_,4,_.1+ (1 + th)Bt—la

where ¢, is consumption, 7, are real lump sum taxes, P, is the price of the final good, 4,

is the number of one-period nominal bonds purchased by the household at ¢, which each

return /, in period ¢ + 1, O, is the price of a long (geometric coupon) bond, and B, are the

number of units of this long bond purchased by the household at ¢. One unit of the period

t long bond bought at ¢ returns $1 at 7 + 1, along with  units of the period ¢ + 1 bond.
The household first-order conditions imply

P P
1=BLE~——,  Q=pE—-—"

14+ wQ:1).
Picia Picia ( M)
The household transversality conditions are that
, A QB
limB'—— =0, limp'=—"=0.
tlnoloﬁ P.c, tlgloﬁ Pic,

The government fixes taxes at a constant positive level 7, = 7, where 7 > 0. The govern-
ment issues no one-period bonds, so A, = 0. The central bank pegs nominal interest rates
at I, = B~'. (We will discuss active monetary policy later.)

The final goods market clears, so y, = ¢, = 1. Thus, from the household budget con-
straint, we have the following government budget constraint:

QtBt +Pt7' =Bzfl(1 + th)-

We look for an equilibrium in which P, = P for all ¢ > 0. We do not impose a priori that
P=P.
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With P, = P for ¢ > 0, the household Euler equations simplify to (respectively)
1=ﬂ[,, szﬁEt(l‘i‘thH)-

The former equation is consistent with the CB’s peg of I, = 87!.
We consider the following solution to the latter equation:

0=_F <Qo )(B)’

1-Bw
We wish to find Qo, which is free to jump. There are three cases to consider:
Case 1: Q) < . Then Q, eventually goes to zero (and then negative), which certainly
cannot be con51stent with a world in which I, > 0. Thus, this case is ruled out.
Case 2: Q) = —>-. Then Q, is constant, and the government budget constraint becomes

B,=B"'B,_i—B'(1-Bw)Pr.

Thus,
1-— 1-—
B=pr =P (B, pr =B\ p
1-pB 1-pB
So,
O.B; B 1 1-Bw 1-Bo _
! = —| P ! B.,-P !
B “T—papr /"1 P T\B— Ty )P
1 1 B, PTl — Bw
1 — Bw P 1-8
as t — oo. Thus, from the transversality constraint, P = %1':—;:. This is the standard
FTPL equilibrium Equilibrium type 1!
Case 3: Oy > - Bw
Define z := QO1 Bo _ 1,50 Qy= (f;)ﬁ and z > 0, and define ¢, := Q,(Bw)' = LB[ z+

(Bw)'], and b, := B o~'. Then the government budget constraint states

t t
P

bt:<1+(3w) )bt_l_u,

(g q:

and the transversality constraint states 1 5 lim,_, q,b, = 0. By our solution for g,, we know

that g, — ;7= > 0. Thus, the transversahty condition requires lim,_, ., b, = 0. Now define
N _ bt _ b[ . b[
L (BoY\  r/Bo[z+Bo) ]\  z+(Bw)
[1(1+ [1 % ¥ (Bo)'
k=0 @4 o\ Bo[z+ (Bo)] z+(Bo

with b_ 1=b_i=wB_,. The denomlnator in the deﬁmtion of b, is greater than 1, so if
b, — 0ast— oo, then certainly b, — 0. Likewise, if b, — 0 as ¢ — oo, then also b, — 0,
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since, for all #,

z+ (Bw)™ <1b |z+(3w)1
z+(Bw)

So, the transversality condition is equlvalent to lim,_, bt =0.
Now, substituting the definition of b into the law of motion for b, gives

b, = b

bt — bt—l — 'B T bt 1= Btflw

. H( CD) ) 2+ (o)™

(g

SO

~ o~ (1-Bw)Pr ! o~ (1-Bw)Pr 1"
b,=>b ~ - 7 J b, —
o 2P T T Gy T B0 B)
. (1-Bw)Pr 1
b— - 5
T T (Bw) T B B)

(1-Bw)Pr 1
z+(Bw)~! B(1-B)

as t — oo. For transversality, we thus need that b, — = 0, meaning

BU=Pz+(Bo) |5 (1= B)(l +000) 5
(1-Bw)r

Hence, one equilibrium is for Qy > =5~ to be arbitrary and for P to jump to satisfy this

expression. Equilibrium type 2!
Note that this implies that, for all ¢,

P=

(1+00)B1 1+owqfo)'~ z+ (Bw)™ il T
P - P “r(Bu)T T 1-p
so, it is still always the case that the real value of debt equals the present value of current

and future taxes.
Alternatively, suppose P is given. Then, from the previous solution for P, we have that

if Qp jumps to
1 Pr B
Q‘)_Z[(l—ﬁ)B1 _1} “1-Bo’

then the transversality condition will be satisfied. This just requires that

P>£1_ﬁ.
— 17 1-Bow

Hence, inflation is unbounded above in the initial period. Therefore, the FTPL implies a
lower bound on the price level, not an upper bound, and so with passive monetary policy,
there are multiple equilibria.

Now suppose that monetary policy is active, with I, = ~TI?, with ¢ > 1 and II, := L,

t—1
B! is the real interest rate in this model, so this is a non-linear real rate rule. Given that
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¢, = 1, the Euler equation for one-period bonds implies the nonlinear Fisher equation:

1
1=B8LE,—
T

g b (LY
th+1_ Ht .

IT, =1 is the unique stationary solution to this equation, by the results of Appendix E.2
(with X, := H%). In this candidate equilibrium, I, = B!, so II, and I, have the same path
as under the passive policy in the special case in which P = P_;. Consequently, if P_; >
% %, then by the above results, there exists a Oy under which all equilibrium conditions
and transversality conditions are satisfied. Thus, even with active monetary and active
fiscal policy, there is still a stable equilibrium for inflation and real variables.

so, for t > 0,

G.2. Linearized Equilibria Under Active Fiscal Policy With Geometric Coupon Debt and
Sticky Prices

We now examine the fiscal theory of the price level in a richer model with sticky prices.
We just give the linearized equations of the model. These follow equations (5.17) to (5.21)
of Cochrane (2023), and the reader is referred there for the derivations. All shocks (vari-
ables of the form ¢ ,) are assumed to be mean zero and independent, both across time
and across shocks. The equations follow:

e Euler: x, =E,x, ., — or,.

Phillips: 7, = BE, 7,1 + kx,.

Fisher: i, =r, + E, 7.

Robust real rate rule: i, =r, + ¢7, + &;;.

Exogenous real government surplus: s, = g; ;.

Debt evolution (v, is the value of debt to GDP, e, is the ex post nominal return on
government debt): Bv, =v,_, + ¢, — 7 —5;.

e Equal returns: E,e,.; = i,.

e Bond pricing (w controls the maturity structure. w = 0 is one-period debt, w =1 isa

perpetuity): e, = wq, — ¢,_1-

We assume that w > 0. Then, for any ¢ # 0, the following solves these linear expecta-
tional difference equations:

w, = i X, = i V.= 8[,[ Vv, = — 8[,t
t ¢ > t K¢’ t O'Kd)’ t UK¢’
B 1 Eir-1
€ =& + &+ i >
ok ¢ Ko

_ 1 + B + 1 + Cii-1
q: = p qi-1 T Est O'K(,‘b ¢ Eit O'K(;l') .

As in the non-linear, flexible price case, the bond price is exploding. However, the real
value of government debt remains stationary, which is sufficient for the transversality con-
straint to be satisfied. Inflation and all real variables are also stationary. Thus, if monetary
policy is passive (¢ € (0, 1)), then the linearized model has multiple valid equilibria, this
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one, and the standard “FTPL’ one in which g, is stationary (see Cochrane (2023)). Con-
versely, if monetary policy is active (¢ > 1), then the model possesses a valid equilibrium
with stationary inflation and real variables.

G.3. Stability Under Real Rate Rules for Generic Models

When is the real rate rule i, =r, + ¢, + ,, with ¢ > 1 consistent with stable real
variables?

We need to impose at least some additional structure on the rest of the model in order
to make progress on this question for general models. In particular, we assume that the
other endogenous variables of the model can be partitioned into two groups, z, and ¢,
where z, may affect g, but not vice versa. The variables in z, must be stationary in equi-
librium, but always have a unique stationary solution if 7, is stationary. The variables in
q; need not be stationary in equilibrium. These restrictions are satisfied by models of the
fiscal theory of the price level, for example, in which case hours, output, consumption,
investment, debt-to-GDP, inflation, nominal and real rates, and so on will be in z,, while
bond prices and quantities will be in ¢g,. That bond prices and quantities need not be sta-
tionary under the fiscal theory of the price level was carefully established from transver-
sality conditions in Appendix G.1, under the assumption of geometric coupon debt. The
calculations of Appendices G.1 and G.2 also show that only the value of government debt
matters for “z,” variables, not its decomposition into bond prices and quantities.

Then, without loss of generality, the linearized model (without the monetary rule) must
have a representation in the following form:!

0= AzzEtZt+l + BzzZt + szZt—l + dz7Tt + Etha (16)
0 = AqutqH—l + quqt + quqt—l + qu]EtzH—l + quzt + quZt—l + dq7Tt + Eth, (17)

where v, is a vector of exogenous shocks with E,_;v, = 0, and where the coefficient matri-
ces are such that there is a unique matrix F, with eigenvalues in the unit circle such that
F,=—(A,.F, + B..,)"'C,,. This condition on F, imposes that z, has a stationary solution
if 77, is stationary; in other words, it ensures there is no real indeterminacy in the model.
Note that g, (and its lags and leads) do not enter the equation for z,, by our assumption
that g, does not affect z,.

We want to see if 7, = —%8g,t is consistent with (16) and (17). This is the only possible
stationary solution for inflation under the real rate rule i, =r, + ¢, + &, with ¢ > 1.
From this solution for 7, (9) and the definition of F,

1
Zy = Fzzt—] + (Azze + Bzz)_l (gdzé‘g,z - Eth> .

Hence, from (10),

0= Aqutqt+1 + quQt + quQt—l + ((quFz + qu)Fz + qu)zt—l
1

+(A,.F.+B,.)(A..F.+B.,)™" (¢’

1
d,er— EZV,) — gdqsg,[ + Ev,.

The lack of terms in E,7r,,; and m,_; is without loss of generality, as such responses can be included by
adding an auxiliary variable z, ; with an equation of the form z, ; = m,.
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If there is a real matrix F, solving F, = — (A, F, + B,;) ' C,, then g, admits a solution of
the form

q: = Fth—l +Gz + hsg,t +Jv,

for some matrices G and J and some vector 4. This may be explosive, but that is allowed
by our assumptions. (In the fiscal theory of the price level contexts, this corresponds to
explosions in bond prices and quantities of opposite signs, producing stable debt values.)
In this case, there is no inconsistency with the solution for inflation implied by our real rate
rule. So, the answer to the question “is a real rate rule consistent with stable z, variables?”
is the same as the answer to the question “does A,,F; + B, F, + C,, have a real solution
for F,?”

When A,, =0, this is simple. A real solution exists if and only if B, is full rank. Gener-
ically, matrices are full rank, so except in knife edge cases, a real solution exists when
Agq = 0. Furthermore, by continuity, for almost all 4,, with sufficiently small norm, a
real solution must exist. Under standard models of the fiscal theory of the price level,

A,, =0, since the geometric coupon bond first-order condition Q, = ]E,ii—i(l + w0i11)
can be rewritten as the two equations E, = % and 1 = Etﬁi—:iE,H (E, is in z,, while
0, is in gq,; also see Appendices G.1 and G.2). Thus, generically, all models sufficiently
close to a standard fiscal theory of the price level model must have a real solution for F,.
Therefore, for all such models, a real rate rule is consistent with a stationary path for z,
variables.
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