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Abstract

We study the role of short selling risk (volatility of stock lending fees) in determin-
ing real exchange rates and international asset prices. We construct a model of the
world economy, where heterogeneous investors can borrow and lend stocks across
countries. The equilibrium shorting fee endogenously clears the associated markets.
Aggregate shocks transmit internationally through short selling fee movements. The
strength of this transmission is governed by the distribution of wealth between short
sellers and stock lenders. We show that short selling risk amplifies the effects of shocks

and that adjustments to shorting fee leads to high stock correlations.

1 Introduction

Short selling market is a market where investors borrow and lend a wide variety of
stocks. A key feature of short selling market is that shorting stock is more costly compared
to standard trade of securities. When the shorting cost is high, investors choose not to
engage in stocks borrowing or lending which limits arbitrage. As a result, costly short
selling could introduce imperfections in the financial markets and influence efficient risk

sharing. This friction is even more compelling in an international finance context where
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the effects of differences in informational advantages, which could justify the needs to
short assets in the first place, are more pronounced. But the current body of literature

studying short selling is vastly limited to close economy environment.

Despite the wide interest in the effects of imperfection in international financial mar-
kets on capital flow, asset prices, and exchange rate determination (Maggiori, 2022; Sim-
sek, 2021), almost no paper has explored the effects of costly short selling on global in-
vestors’ portfolio allocation, international prices, and quantities. All existing papers ei-
ther: (i) assume that investors could costlessly short assets across country given that mar-
ket are usually assumed to be complete; (ii) or impose an exogenous short selling con-
straint that limit the size of a negative position in a given asset. We depart from these two
polar cases and provide, in this paper, an international asset pricing model in which short
selling fee emerge endogenously as a result of demand and supply forces in the short
selling market. We use our model to assess the interacting implications of real exchange

rate and costly short selling on countries” stock prices.

Our model is a straightforward generalization of the Atmaz et al. (2022) costly short-
selling model to a setting with two countries. Specially, in our model, the world economy
contains two Lucas trees and three group of investors within each country having het-
erogeneous beliefs about the expected foreign output growth and may be a borrower or
lender in the foreign equity short selling market. A constant fraction of optimist investors
are stock lenders who pay a fee to participate in the stock lending market where they meet
short-sellers with a constant probability. These short-sellers have a pessimistic outlook on
expected foreign output growth. To facilitate aggregation and tractability, we assume that
all investors have finite lives captured in a continuous time overlapping generations set-
ting.

The starting point of our analysis is a complete characterization of equilibrium allo-
cation and prices in closed-economy driven by the dynamics of consumption share of
stock lenders and borrowers. We show that stock lenders” consumption share is procycli-
cal contrasting with that of stock borrowers which is countercyclical. Stocks lenders thus
experience large consumption losses in bad times while enjoying high consumption in
good times. Furthermore, when stock lenders command a larger share of wealth in the
economy, they allocate a substantial fraction to risky assets hoping to earn extra revenues
in the securities lending market. The short-selling fee provides the appropriate signals
to stocks lenders. A high short-selling fee signals that potential revenues generated by

lending the stocks are high. In equilibrium, the resulting market price of risk is lower



than what would prevail in a log-economy driven by the heterogeneity in beliefs and the

possibility of short-selling stocks.

Our second set of results concerns the characterization of real exchange rate in the
open economy model which generalized the analysis in Pavlova and Rigobon (2007) for
the possibility of shorting assets across countries. We make two additional assumptions
common in international macrofinance: (i) consumption home bias where investors pre-
fer their domestic good relatively more compared to foreign good and (ii) domestic infor-
mational advantage whereby investors have more precise information on their domes-
tic stock compare to foreign stock. The second assumption is equivalent to saying that
investors only have heterogeneous beliefs with respect to foreign stocks. As such they
can only short foreign stocks. Under these two assumptions the key closed-economy in-
sights carryover to the open economy model. In particular, the within-country distribu-
tion of consumption between stock lenders and borrowers remain the key state variables

together with the relative supply of goods.

We find that movements in short-selling cost transmits shocks across countries. For
positive domestics supply shocks, we show that the real exchange rate response combines
three effects: a term of trade channel, a belief heterogeneity channel, and a short-selling
channel. The term of trade channel captures the fact that a positive supply shocks lowers
domestic good prices leading to a real exchange rate depreciation. The belief hetero-
geneity channel and short-selling channel are new channels contributing to further real
exchange rate depreciation. Intuitively, when foreign stock lenders are wealthier relative
to borrowers, they hold relatively more home stocks compared to their holdings in an en-
vironment without short-selling. A booming domestic stock market following a positive
supply shocks leads to transfer of wealth to the foreign stock lender which will be mostly
spent on foreign good. As a results, foreign goods prices rise contributing to a further

deterioration of home terms of trade and booming foreign stock market.

Our paper is related to three streams of the literature. First, it is related to the empirical
work on the effects of short-selling on equity markets using cross-country data. Important
contributions in this literature exploit quasi-natural experiments to establish causal effects
of short-selling restrictions policies or short-selling disclosure policies on market or stock
level performance. The literature has found that short selling policies has mixed effects
on the distribution of stock returns depending on the nature of the short-selling proxies
employed. Using difference in short-selling regulations covering 46 equity markets, Bris

et al. (2007) show that market returns display less negative skewnees with short-selling



restrictions. By contrast, Saffi and Sigurdsson (2011) use equity lending supply proxies
the severity of the short-selling restrictions on a given stock and found opposite results.
That is, a higher level of lending supply is associated with a greater degree of negative

skewness.

Some recent work have investigated how investors circumvent short-selling bans on
their home markets by trading sophisticated financial instruments like Deposits Receipts.
Deposits Receipts provide a way for firm to access foreign capital market without di-
rectly listing shares overseas. American depositary receipts (ADRs) are an example of
such instruments traded in the United States. Blau et al. (2012) show that short turnover
is about 40% higher for ADRs with binding home-market constraints than for ADRs with-
out constraints. Among other factors, greater dispersion of opinion related to the ADRs
performance contribute to intense shorting activities. They also report that short selling
activities predict returns more so for ADRs with home-market constraints. More recently,
Boehmer et al. (2022) conducted a systematic analysis of short selling predictability using
data from 38 countries from 2006 to 2014. They document that various shorting measure
predict stock returns with the predictive power of these measures varying across coun-
tries. Moreover, they find that the predictive power of short selling is higher for countries
and firms with higher cost of shorting and tighter regulations. Gorbenko (2021) provide
evidence that short interest significantly but negatively predicts aggregate stocks returns
in most country worldwide out-of-sample. However, none of these papers investigates

the role of equity short selling activities on exchange rates. A void this paper fills.

Second, we contribute to literature on the role of financial intermediaries for exter-
nal adjustment operating through the limits to international arbitrage. One strand of
this literature emphasizes the role of financial frictions facing financial intermediaries in
shaping the capital flow across countries and exchange rate determination. In Gabaix
and Maggiori (2015), equilibrium exchange is driven by supply and demand of assets de-
nominated in different currencies and the tightness of intermediaries balance sheet con-
straints. A different strand of the literature studies models in which financial intermedi-
aries are risk averse and needed to be compensated for taking risk in assets denominated
in different currencies (Itskhoki and Mukhin, 2021). In this alternative paradigm, finan-
cial intermediaries risk-bearing capacity, shaped by their preferences, play a key role in
equilibrium exchange determination. We complement this literature by focusing on the
costs of short-selling which is among the most important limits to arbitrage (Gromb and
Vayanos, 2010; Muravyev et al., 2022).



Finally, we also contribute to an emerging theoretical literature that stresses the im-
portance of jointly modeling asset prices and shorting fees in general equilibrium. In
fact, Garleanu et al. (2021) show how high short interests (fraction of outstanding shares
held by short-sellers) are effectively a subsidy for long positions that can generate "runs-
type" behavior. Atmaz et al. (2022) build a tractable model to match the abundant cross-
sectional and predictability evidence on the effects of short-selling. The economic mech-
anism that produces these results are based on time-varying wealth shares of different
types of agents (optimists and pessimists) together with their access status to lending
market. Evgeniou et al. (2022) show how costly short-selling increases the contribution
of the shortable assets valuation to the overall market portfolio given that the price of
shortable assets include not only the present value of its future dividends but also its
resale-option value (present value of future lending revenues). So far, this literature has

mostly focused on closed-economy. I extent to the open economy.

Our approach to shorting fee is close to Atmaz et al. (2022) who use a CARA-Gaussian
model to obtain closed-form solutions event with multiple type of agents. The main in-
novation in our paper compared to their approach is that we use an overlapping gener-
ation framework with logarithm utility as in Garleanu et al. (2021), Panageas (2020) or
Pavlova and Rigobon (2007) which allows us to easily characterize the equilibrium mar-
ket of prices and shorting fee. Although, Atmaz et al. (2022) and Evgeniou et al. (2022)
consider a set-up with two risky assets in a closed-economy, the open-economy term of
trade adjustments present in our model provide an additional economic channel that is

absent in a closed-economy.

The rest of the notes proceed as follows. Section 3 recasts the model of Atmaz et al.
(2022) in an overlapping generations setting. Section 4 presents and characterizes prop-
erties of the open economy model. Section 6 concludes. All proofs are relegated to the

Appendix.

2 Empirical Motivation

This section examines the exchange rate response to aggregate short selling activities
conditional on the financial intermediaries networth shocks. We start this section by dis-
cussing our data sources and how we measure short selling activities. We then discuss

our main empirical specification, before presenting our empirical results and robustness
checks.



2.1 Data

Measure of short selling activities. ~We obtain data on stock borrowing and lending
from S&P Global (formerly IHS Markit), covering 27 OECD countries. This dataset in-
cludes daily observations from July 2006 to September 2020. S&P Global provides various
shorting variables, including the number of shares out on loan and the number of shares
available for lending, sourced from major equity loan market participants. We consolidate
the datasets into a monthly frequency by calculating the average of all relevant variables
for each stock and year-month, aggregating across days. Following common practices
in the literature, our stock-level measure of short-selling activities is the utilization rate
defined as the ratio of the number of shares on loan over the shares available for lending.

Let UR,; . ; be the utilization rate of security i from country c at time t. We formally have:

Number of shares on loan; . ;

UR; .+ = (2.1)

Number of shares available for lending; .,
Similar to labour market tightness, the utilization rate could provide insights into the state
of the stock lending market. An increase in utilization rate indicates a tight stock lending
market, where short-sellers would struggle to locate a share to borrow. We construct the
country-level aggregate utilization rate as the equal-weighted average of all stock-level
utilization rate variables given by:

1 &
URc,t = X7 URi,c,t (2'2)

Ne ;5
where N, is the number of stocks in country c. For each country c in month ¢, we normal-
ize the country-month utilization rate by adjusting it to its sample’s average and standard
deviation. This approach allows us to assess whether a specific short selling market in a

country is relatively tight or loose in comparison to its sample average.

Financial intermediary shocks. We use the high-frequency financial intermediary shocks
of Ottonello and Song (2022). These shocks correspond to changes in stock prices of large
U.S. financial intermediaries within a 60-minute window of their earnings announce-
ments. This approach mirrors the method used for monetary policy shocks whereby only
the disclosed information could plausibly caused the movement in stock prices within the
narrow time window. The change in stock prices directly impact financial intermediaries

networth which in turn will affect the broader economy.



Country-level variables. We collected monthly series consisting of exchange rates, stock
prices, long-term government bonds and consumer price indices (CPI) for each country
over the time frame July 2006 to September 2020. Spot, S.: and one month forward, F;
exchange rates of country c at time t are quoted in units of US dollar so that an increase
corresponds to a depreciation country’c currency. Stock prices are MSCI country level
equity return indices. We use the 10-Year Government Bond Yield as our measure of
long-term bonds. All these series comes from Datastream, but long term government

bonds obtained from Haver.

World-level variables. Our global variables consists of the price of oil taken to be the
spot price of Cushing West Texas Intermediate (WTI) crude oil and the gold price corre-
sponding to the London Bullion Market spot prices.

2.2 Estimation by local projections

We assess the exchange rate responses to heightened aggregate short selling activi-
ties in the equity market using the local projections method of Jorda (2005). Our main

empirical specification is:
Ay log Sc,t+h = &y + ;Bh uRc,tfl X slt:I + ’)’hURc,tfl + 5hXc,tfl +1pli—1 + €c,t+h (2.3)

where i is the horizon at which the impact is being estimated, A, log S. ;1 = log S. 11 —
log S. 1 denotes the cumulative exchange rate change, & j, is a country fixed effect, UR,
is the country c utilization rate in month ¢, e£ is the monthly financial intermediary shock,
X.—1 denotes additional controls and the term e.;, is the error term assumed to be
heteroskedastic, independent across country ¢, and serially correlated. Following Engel
(2016), we include 12 lags of monthly control variable that captures various aspects of
the state of the country, X, and world, Z;, economy including news about US monetary
policy (gold prices), expectation of global economic growth (oil prices), county-level local

monetary policy and growth prospects (stock prices, and long-term government bonds).

We estimate (2.3) by fixed-effects panel regression method with Driscoll and Kraay
(1998) standard errors that corrects for the serial correlation at the country level and cross-
country correlation. This approach of computing standard errors in panel fixed effects
model is appropriate for large time periods T (Vogelsang, 2012). In our case, we have

large T with an average of T = 162 time series data per country. The coefficient of interest



By captures the exchange rates responses the changes in aggregate short selling activities

measured by the utilization rate.

2.3 Exchange rate responses to aggregate short-selling activities

Baseline results. Figure 1 presents the results of our local projection specification in
equation (2.3) estimated for different countries set and time periods. Panel (a) shows the
point estimates of interest for all countries in our sample. We find that the coefficient of
the interaction term, B, is positive and statistically significant for most horizons. The
positive estimates imply that exchange rate depreciates significantly more in countries
with high aggregate short selling activities following a rise in financial intermediaries
networth, with peak impact occurring in two sup-horizons including between 6 to 12
months and 22 to 30 months after the shock. On impact, a country has approximately a
0.01 units lower semielasticity of exchange rate to financial intermediary networth shock
when it has one standard deviation more utilization rate than its typical average. These
impacts are economically sizable as they will correspond to an average monthly exchange
rate appreciation of 8 basis points on impact and a cumulative 41 basis points depreciation

9 months later.!

Figure 1: Exchange rate response to changes in utilization rate
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Notes: The figure plots the exchange rate responses, B, in equation (2.3), to a 1% increase in financial intermediary networth shock
by Ottonello and Song (2022) at month t. The responses are driven by cross-country variation in utilization rate. Utilization rate
are demeaned and standardized so that units are standard deviations. The x-axes show the horizon h (months). The vector of
controls includes 12 lags of forward discounts, gold prices returns, oil prices returns, MSCI returns, 10-year government bonds
yields and inflation differentials. All controls are standardized. Standard errors are Driscoll and Kraay (1998) standard errors with
a bandwidth lag 16. The sample period is from July 2006 to September 2020. Shaded area are the 90% confidence interval.

In panel (b), we restrict the set of countries to G10 currencies with the most liquid
foreign exchange rate markets. The point estimates decrease for each horizon while be-

coming insignificant from 10 month horizon forward. Panel (c) replicates the previous

!We compute these average effects as B, x sd(UR;) x sd(ef!) = —0.01 x 0.18 x 0.45 = —0.0008 and
0.05 x 0.18 x 0.45 = 0.00405



results for a sample that excludes the three major crisis including the 2008-2009 finan-
cial crisis (September 2008 to June 2009), the European debt crisis (July 2009 to December
2013) and the Covid pandemic (February 2020 to June 2020). The coefficient of interest
increase in magnitude across horizon with tighter confidence interval. This shows that
our results are not driven by short selling regulations usually introduced during a crisis
(Edwards et al., 2023).

Additional Empirical Results. We present a number of checks to make sure that our
findings are robust. We start by investigating the robustness of our baseline results to
the alternative controls specification. Figure 2 presents results for a case where we in-
clude three, one lagged controls and include no controls other than the fixed effects. The
results for this specification closely resemble those obtained using our standard set of con-
trols. The exchange rate response is marginally higher and more precisely estimated with
smaller standard errors in the results with shorter lagged controls. Additionally, the re-
sponse derived without controls are estimated with somewhat less precision for horizons

above 10 months.

Figure 2: Responses with different controls
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Notes: The figure plots the exchange rate responses, j in equation (2.3), to a 1% increase in financial intermediary networth shock
by Ottonello and Song (2022) at month t. The responses are driven by cross-country variation in utilization rate. Utilization rate are
demeaned and standardized so that units are standard deviations. The x-axes show the horizon h (months). The vector of controls
includes forward discounts, gold prices returns, oil prices returns, MSCI returns, 10-year government bonds yields and inflation
differentials. All controls are standardized. Standard errors are Driscoll and Kraay (1998) standard errors with a bandwidth lag 16.
The sample period is from July 2006 to September 2020. Shaded area are the 90% confidence interval.

Recently, Mei et al. (2023) show that fixed-effects panel local projection estimator suf-
ters from the Nickell bias, regardless of the inclusion or not of lagged dependent variables,
a bias inherent in the panel predictive specification. To address this concern, they propose
to use the split-panel jackknife estimator for inference.” Figure 3 in the appendix shows
that the responses are more precisely estimated and larger in magnitude using the split-

panel jackknife estimator. The initial exchange rate appreciation following the financial

The split-panel jackknife estimator equally solves the Nickel biais arising when the panel data has
larger units N than time periods T (e.g. Kahn et al. (2021)).
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intermediary shocks is not however statistically significant. These results suggest that not

correcting for the Nickel bias provides a more estimated of our coefficient of interest.

We next analyze the robustness of our results to alternative choice of the level of clus-
tering of the standard errors. We compute standard errors clustered by country, time
and two-way clustered on time and country. The results are reported in Figure 4 in the
appendix. Relative to Driscoll and Kraay (1998) standard errors, clustering by country
produce the smallest standard errors and the coefficient of interaction term is always
significant at 10% level. However, these results might lead to incorrect inference as the
number of cluster is small. Furthermore, clustering either by time or two-way clustering

by country produce standard errors very similar to our baseline case.

In summary, the results of this section provide evidence that aggregate equity short-
selling activities in equity markets impact exchange rate movements. We demonstrated
that exchange rates tend to depreciate in countries experiencing a higher-than-usual growth
rate in short-selling activities. There are at least two channels through which short-selling
can affect exchange rates. First, the capital flow channel: increased short selling may
initially attract foreign investors, leading to capital inflows and potential immediate cur-
rency appreciation. However, the future repatriation of short-selling revenues could lead

to subsequent depreciation.

Second, the market sentiment channel: intense short-selling activities might be inter-
preted as a lack of confidence in a country’s economic growth prospects or corporate
sector, deterring foreign investment. This reduction in foreign capital inflows can lead
to a decrease in demand for the domestic currency, resulting in depreciation. In the next
section, we build an open economy asset pricing model with endogenous short-selling
to interpret our motivating facts and clarify the mechanisms through which aggregate

short-selling activities affect exchange rates.

3 Closed-economy model

In this section, we introduce a closed-economy model with a lending and borrowing
market of stocks in which the cost of shorting risky assets arise endogenously. Our frame-
work boils down to a simple extension of the closed-economy version of the model in
Atmaz et al. (2022), expanded to an overlapping generations setup with logarithmic pref-

erences. We start with this simple framework because we can derive analytical solutions

10



which provide intuition for how consumption share of different investors type shape the
behavior of asset prices and shorting fee. These insights will be helpful to highlight the

contribution of open economies features in later sections.

3.1 Environment

Preferences. We consider a continuous time overlapping generations economy of Yaari
(1965) and Blanchard (1985). This economy is populated by a continuum of households of
total mass equal to one. Households are finitely lived with a random time of death which
follows an exponential distribution leading to a constant hazard rate. During each small
time period dt, a mass 7tdt of the population dies and a new cohort of mass 7rdt is born,
so the total population size stays constant at | ioo me~™(t=5)ds = 1. A household born at

time s derives utility from consumption plan Cs = {cs¢ : t > s} as
Us = lE’S/ e~ (pHm)(t=s) log(cé,t)dt, (3.1)
S

where p denotes the subjective discount factor. The superscript in the in the expectation
operator accounts for the individual-specific subjective subjective beliefs about the aggre-

gate output.
Technology. The output process Y; evolves according to
dY;/Y; = u¥dt 4+ o¥dB, (3.2)

where the expected endowment growth is given by u¥ with ¢, ¥ are positive parame-

ters and B; is a standard Brownian motion.

Heterogeneous beliefs. There are three types of investors indexed i who differ by their
beliefs about the expected output u¥. A fraction v is optimist and perceives the expected
return to be u¥ + A, while the complementary fraction is pessimist with perceived mean

equal to ¥ — A. Thus, type-i investor believes that the output follows:

dY;/Y; = ytYdt 4 oY dB; (3.3)

where yY the perceived long-run mean and B is the corresponding perceive Brownian

motion equal to dB; — U%dt for optimists and dB; + UA—Ydt for pessimists.

11



Short-selling market. There exist a short selling and lending market for the stock where
investors can sell the stock they do not own. In particular a fraction A of optimists in-
vestors are stock lenders indexed by /. They pay a fee o7 ¢ to participate in stock lending
market where they successfully find a short seller to lend the asset to with probability «.
The remaining fraction v — A of optimists investors, denoted by ¢ simply hold the stock
and do not participate in the stock lending market. Short sellers are pessimists investors
denoted by b who can borrow the stock by paying a fee ¢;. We denote by v the measure

of investors of type i given by:

A, ifi=1¢
vV=Sv_ A, ifi=c (3.4)
1—v, ifi="0.

We assume without loss of generality that v = % so that average perceived expected
output is unbiased. Thatis ¥, viuY = u¥ + A(2v — 1) = u".

Financial market structure. Investors can trade two types of financial assets. First, they
have access to a riskless asset which pays an interest rate r; and is in zero net supply.
Second, there is an infinitely lived risky asset whose supply is normalized to one. Its

prices S; evolves as

dSy + Ydt

dR; =
t S,

= pidt +07dB; = (ui + o7y )dt + o7 dB; (3.5)
where the volatility o the expected stock return 7, are determined in equilibrium. The
last equality gives the investor-specific perceived returns process where 7' conveniently
corresponds to:
&, ifi={
n'={4  ifi—c¢ and dB.=dB;—y'dt. (3.6)

ﬁ/

—5&, ifi=b
Finally, investors can also access an actuarially fair annuities through competitive insur-
ance companies as in Blanchard (1985). An investor would receive an income stream

proportional to its financial wealth when it is alive, tw? ,. In exchange, its insurance com-

pany collects the household’s financial wealth at its death.

12



Budget constraints. Each type of investor is endowed with the same initial wealth at
birth wi,t = pJ%TYt. Let gbé/t be the dollar amount invested in the stock S;. The budget

constraint of the type-i investors is given by:
dwl, = (rawl + 9k, (4 + 07y’ + &'op pr — i) + ol — k) dt + L 07 dB. (3.7)

In this expression, cé,t is the investors’ consumption, wé’t the financial wealth, zxi(pt is the
additional income of per stock share held earned in the stock lending market, and 7’07
accounts for the degree of disagreement. In equilibrium, short sellers have a negative
position on the risky assets i.e. lng,t < 0. For notation convenience, we let the parameter

a' and 7' be type specific given by :

x, ifi="~
=10, ifi=c, (3.8)
1, ifi="b.

corresponding respectively to the probability that a stock lenders meets a short sellers in

the lending market and the degree of disagreement.

3.2 Equilibrium

A competitive equilibrium is defined by a set of adapted processes for prices {r¢, S¢, ¢ }

and consumption and portfolio allocations {c’ ,, ! .} such that

1. Given prices {rt, S¢, ¢+ }, policies {célt, l/)é/t} solve each household’s utility maximiza-

tion problem

2. The goods market clears:

- .
1/1/ ﬂe*”(f*s)c;/tds =Y (3.9)
ic{l,chb} o0
3. The bond market clears:
.ot . .
Yo [ el — gl )ds = 0; (3.10)
ic{lcb} -
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4. The stock market clears:

R .
Yo / e (=5) g ds = ;. (3.11)

ie{lcb}

5. The short-selling and lending market clears:

gt .
Y. vlocl/ e Syl rds = 0. (3.12)

ie{l,cb}

3.3 Characterization of equilibrium

In this section, we first solve a household’s consumption-portfolio choice problem
and then characterize equilibrium asset prices and the dynamics of wealth distribution.
In our framework, market are dynamically complete leading us to specify the stochastic

discount factor (SDF) under the objective probability measure as:

dg

= —T’tdt — thBt. (313)
Gt

where 0; it the market price of risk. Following Ehling et al. (2018), we further specify
the individual specific pricing kernel which takes into considerations the heterogeneity

in beliefs about the endowment as:

gl i o ;

? = —ridt — Q;dB; = —rdt — (Qt + 171 + DCZ(Pt> dBi (3.14)
t

Investor optimization problem. We use the martingale method to solve for the optional

consumption allocation. In this method, we exploit the fact that markets are dynamically

complete to transform the sequence of budget constraints into a single lifetime budget

constraint. As such, the equivalent household’s problem can be reformulated as:

max E / e~ O+ 1=5) oo (¢l )dt (3.15)
Cs/lPs S !
st El / el dt = Eluf (3.16)
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The first order conditions of this problem equates the marginal utilities and the stochastic
discount factor and is given by:

—(p+7)(t=s) ,
e _ Kse_ﬂ(t_s)ﬁé, (3.17)

i

Cs,t

where «; is the Lagrange multiplier of the lifetime budget constraint. This condition holds
for all time period t > 5. And so we can eliminate the Lagrange multiplier and to get the
following recursive consumption plan as function of the disagreement process and the

stochastic discount factor under the true probability measure:

. . i
¢y =chs (e_p(t_s)%> : (3.18)
t

In order to solve for the equilibrium consumption as function of the exogenous process,

we define the consumption share accruing to type-i investor as follow:

. t _ _ .
1 TT(t—S) A1
v A )cs,tds

1
X
t Yt

(3.19)

We can further simplify the expression of consumption share by substituting (3.18)
into (3.19) so as to express it in term of crossectional average of new born consumption
which allow to define a new Markovian equilibrium characterized by the state vector

(xf, x7) where the good market equilibrium is now given by:
xf 4+l +x6=1.

Lemma 1. In equilibrium, the consumption share of type-i agents follows the diffusion process
given by: ‘
dx; i,x i,x

where

. . . ‘CZ‘
W= @R B o ) - (10,
tAt

X _ pi Y
o =0 —0.

The law of motion of consumption shares (3.19) are summarized in the lemma 1. The
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drift of these law of motions have an overlapping generation component given by 7r(1 —

.ol

vl%) which enables non-degenerate stationary distributions. The remaining terms in
297

these drifts move endogenous driven by differences in consumption-portfolio choices and

access to the short selling and lending market across investors type.

Lemma 2. In equilibrium, the optimal consumption and investment in the risky assets are linear

in wealth:

Cé,t =(o+ ”)wé,t/

i 9;' i (3.21)
Ps t :U_tsws,t-

Before finding the equilibrium prices in this economy, let us notice that the assumption
of logarithm preferences simplifies tremendously their optimal policy functions reported
in lemma 2. This lemma shows that consumption-wealth ratio and portfolio shares are
all independent of the cohort s. At the same time, each investor’s portfolio share has two

01 , common for all investors and a hedging demand,

components: a myopic demand, ~
t

0oy +algy

I which differs across investor type.
t

Market price of risk and stock price.  The interaction of different type of investors
in each market determine the equilibrium prices. In particular, the consumption good
market }icycp) xi = 1 implies that ¥ (e} dx! = 0. This last equality imposes a joint
restrictions on drifts and diffusion terms which allow to find the equilibrium market price
of risk and interest rate. Furthermore, combining the constant consumption-wealth ratio
in lemma 2 with the bond and stock market clearing conditions gives the price-dividend

ratio. All these results are reported in proposition 1.

Proposition 1. In equilibrium, the market price of risk, the risk free rate and the stock volatility

are given by

0 =0 — Z xiiyi—gbt Z xia!

ie{l,c,b} ie{l,c,b}
.ci
rt:p+yy—ayet+n 1— Z Vz% (3.22)
ie{l,c,b} t
ats =Y

It should be emphasized that the results of proposition 1 are very general in a sense
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that they apply to economies where the short selling and lending market is either present

or not. To get further insights, let us rewrite the market price of risk in equation (3.22) as:

A
0 = ol — = (1-2xY) —¢(x? +axf).
- S -2) - gulaf + axd)
Log utility economy =~ =~ ——" Short selling

Heterogenous beliefs

The expression of the market price of risk thus deviates from the one in an economy with
infinitely lived investor endowed with log preferences by two additional terms. The term
% (1 — 2x%) accounts for beliefs distortions. If x/ < 1/2, the market price of risk is lower
than ¢¥; reflecting the optimism of lenders. The term ¢;(x? + ax!) is due to short selling

activities which always contribute to lower the market price of risk.

Substituting, the market of price (3.22) into the consumption share diffusion term in

(3.20), rearranging reveals that:

A== L arva(e- o), (323)

je{tc,b} je{lcb}

so that for any ¢; < obx <0< o', In this case, x! is countercyclical and x? is
y ( t t t y t

2A
1—a)oY”’
procyclical. Put differently, in bad times, stock lenders, ¢, experiences large consumption

losses, while in good times they receive greater consumption gains.

Short selling fee and risk. The short selling fee is such that the supply and demand of
shares in the short selling market are equals. The next proposition states the equilibrium
shorting fee together with short interest which is the fraction of its outstanding shares
held by short-sellers.

Proposition 2. In the costly stock short-selling economy with a constant disagreement the short-

ing fee is given by

El xt‘i‘ 771+9f
¢ = —— = (3.24)
v N i '
! Z]-xﬁacf

the short interest defined as the fraction of outstanding stocks shares held by short-sellers is

I 1 6b
Sk _ ————tad (3.25)
Y} p+ 7o

Equation (3.24) shows that as in Atmaz et al. (2022), market price of risk is negatively
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related to shorting fee. Intuitively, an increase in the shorting fee incentivizes the opti-
mistic stock lenders to increase their demand of the stocks of which a fraction will be
lent out to earn extra income. The increase in stock demand leads to higher current stock
prices and lower subsequent returns. Equation (3.25) reveals that short interest rate de-
crease with shorting fee. In fact, exploiting the market price of risk (3.22) together with

definition of 87, we show that Yltaa%lf xxl +axf —1<0.

One measure of the short selling risk is the diffusion term of the change in shorting fee
process. Since the equilibrium in our economy is Markovian characterized by the state
vector (x?, x!) whose dynamics equations are given by lemma 1, we can easily determine
short selling risk by directly treating ¢ as function of (x?, x{) and using the Ito’s lemma.
We find that:

Short selling risk = fb = ) %xia}’x. (3.26)
ice{tb) OXt
The byproduct of solving for the short selling risk involves finding also the diffusion term
of the change in sharp ratio that we labeled sharp ratio risk and given by:

Sharp ratio risk = o = ) %xi(fti’x. (3.27)

P Xt
ic (i) 9%
Proposition 3. In the costly stock short-selling economy with a constant disagreement:

1. The sharp ratio risk is given by:
0 _ PN i i( X2
of = —op Y xja' =Y xj(o7") (3.28)
i i

2. If the short selling risk is procyclical (i.e. af) > 0), then the sharp ratio risk is countercyclical
(ie. of <0).

Proposition 3 highlights how the presence of the short selling frictions affects the sharp
ratio risk. In point 1, the sharp ratio risk is decomposed in two intuitive terms. The first
term represents the contribution of short selling activities featured by the sharp selling
risk. In an economy without short selling activities, the sharp ratio risk will be given
only by the second term which is always negative, suggesting that the sharp ratio will be
generically countercyclical (Garleanu and Panageas, 2015; Panageas, 2020). The intuition
for Point 2 is as follows. When UEP > 0, a negative aggregate output shock leads to a

decline of the short selling fee making the net revenue from borrowing securities higher
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and thus increasing stock demand by short sellers. To see this, let us examine diffusive
term of the change in portfolio weights in equation (3.21) which is proportional to (Tf A

Using the definition of 6, we have:

(Tf = af + ociat‘p (3.29)

so that (Tte < (Tf ‘< Uf *_ As such, stock short sellers rebalance relatively more their

portfolio compared to stock lenders and increase their stock holding. Consequently, in a
bad times, short sellers are more exposed to aggregate shocks and need to be compensated
for bearing this risk. As a results, the sharp ratio risk need to be countercyclical, so that
of <0.

4 Open Economy model

To understand the role of short selling frictions for exchange rate dynamics, we now
introduce a two countries model, home and foreign indexed by n,m € {H, F}. The struc-
ture of each economy is in many respect similar to the closed-economy setup and we only
add the minimal ingredients necessary to isolate the role of short selling for international

asset prices and exchange rate.

4.1 Environment

Endowments. Each country possess a tree that produces a differentiated good and its

output follow a geometric Brownian motion given by:

dYy;

v = tndt+ (o)) dBy, Vn € {H,F}. (4.1)
nt

The shock By = (Byy, Brt)' is a two dimensional vector of standard Brownian motion that

are independent of each other, while the expected endowment growth is given by 1. The

. . .« . . . Y _ Y / Y o Y !/
diffusion coefficient are two dimensional vectors o, = (0},;,0)" and o7 = (0,07)".
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Preferences. In both countries, investors now have logarithm preferences over a basket

of two goods given by:
Cil,St = H (Cizm,st)gnm Vn € {H/ F} (4.2)
me{H,F}
where qum,st denotes the time t consumption of good m by type-i investors born at s resid-

ing in country n, e,y =€ Vn; ey =1 —¢ Vn # mwithe € [%, 1) to account for home
bias whereby each investor prefers their domestic good relatively more. The solution
to the investor’s intratemporal problem yields the standard conditions for consumption

demand

1
Crm,st = Enm (i;m:> Cnstr Vn,m e {H,F} (4.3)
nl

where p,, ; denotes the price of country n good and the aggregate price index consistent

with households preferences is given by:

Pur= [I (pm't> v (4.4)

International prices. The terms of trade, g;, is the ratio between the foreign price and the

home such that an increase in g; represents a deterioration in the home terms of trade:

q = %. (4.5)

Intuitively, this relative price denotes the quantity of foreign goods a domestic country
can afford by exporting one unit of the domestic good. We postulate that the law of

motion of the term of trade g; evolves according to the stochastic differential equation:

% = pldt + (0])'dBy (4.6)
t

where u] and ¢/ are endogenously determined. The real exchange rate, &, is expressed

as the home price of foreign currency and is given by the ratio of Foreign to Home price
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indices:

P
gt = —PF’t —= q%s_l_ (4.7)
H,t

Without loss of generality, the global numeraire good is a basket of goods composed of
@ units of home goods and 1 — ¢ units of foreign good. This assumption implies that

(pre)? (per) % = 1and pry = ¢, pre = g7

Beliefs distortion. We assume that investors have distorted beliefs about the domestic
and foreign expected output. However, each investor have relative informational ad-
vantage over their home stock. Let 7, be the two-dimensional column vector of beliefs

distortion of type-i investor residing in country n. The subjective Brownian motion is

given by:
A, ifi=t
dB,, = dBe —mdt  withy,, = { &%, ifi=c (48)

mm

nm .
—AT, ifi = b.

where the term A" denotes a bilateral beliefs distortion. We do not impose any particu-
lar restriction on these distortions as we will ultimately estimate them in the next section.
Asymmetric beliefs distortion is sometimes used in international finance to explain inter-
national equity prices and quantities. Informational advantage rationalizes these asym-
metries(Brennan and Cao, 1997; Dumas et al., 2017).> In this class of models, domestic
investor have more precise signals of their own country home securities compare to for-

eign securities.

Stock prices and returns. In the world economy, investor can now trade three assets:
two stocks, one for each country, and a global risk-free asset in the unit of the global
numeraire. The supply of stock 7 is normalized to one while the risk-free asset is in zero
net supply. Each country’s stock market is a claim to the aggregate output produced in
that country. The country-specific returns are given by the processes:

_ dSnp + pntYnsdt

ARyt = 5 = i edt + (03,) dBy (4.9)
n,

3Coval and Moskowitz (2001) show that U.S. mutual funds they tend to have better performance on
local stocks. Similarly, Allen et al. (2022) show that from 2000 to 2018, Chinese companies listed in China, A
shares firms, had smaller stock returns than Chinese companies listed in other countries and companies in
both developed and emerging markets. They suggest that investor sentiment could account for these facts.
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forn € {H,F}, where y; , is scalar and ¢, is a 2 x 1 vector of diffusion, all determined
in equilibrium.
Let dR; denote the 2-dimensional column vector of returns for investing in home and

foreign stock given by:
th = “I/ltdt + O'EdBt (410)

where y; = (uy;,, u3,)" is the vector of expected returns and o7 = (03, 0%,) isan 2 x 2

matrix. Let also ¢, ., denote the 2-dimensional column vector of dollar amount investor i

born at s hold in each component of R;.

Budget constraint. Each type of investor is endowed with the same initial wealth at
birth wfl’tt = PJ%T Y Pm,t Ym,t and maximizes their lifetime utility subject to the dynamic

budget constraint:

dwfq,st = (rtwfq,st + (’abfa,st)/(ﬂts +aloP P+ op i — ) + nwil,st - Pﬂ,tcf@st) dt + (#’fa,st)latsdB;,t

(4.11)

for n € {H,F}, where 1 is 2x1 vector of ones, ¢: = (¢r+, ¢rs) is the vector of fee as-
sociated with shorting domestic and foreign stocks. To ease some derivations, we have

normalized the fees by the stock volatility matrix o7 .

4.2 Equilibrium

A competitive equilibrium of this economy consists of a set of adapted processes for

prices {rt, Sy, Sp+} and consumption and portfolio allocations {c!, .;, !, ., } such that:

1

[ ots Wl o1 } solve each household’s utility maxi-

1. Given prices {r, Sy, Skt }, policies {c

mization problem

2. The goods market clears:

.t .
Y, ) 1/1/ e ™Sl ds =Yy, Vn € {HF}; (4.12)
me{H,F}ic{l,c,b} -

3. The bond market clears:

i ) )
V' /Oo e~ ) (w;,st - Z 1I)111m,519) ds = 0; (4.13)

ne{H,F}ie{l,cb} me{H,F}
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4. All stock markets clear:

R .
YOy v / we TS yi ds =S,,, Vne{HF}  (414)
me{H,F}ie{l,cb} -

5. The short-selling and lending markets clear:

..ot .
Y, )Y vlal/ e " =Syl duids =0, Vn € {H,F} (4.15)

me{H,F}ie{l,cb} -

4.3 Characterization of the open economy equilibrium

Relative supply. In this open economy version of our model, the relative supply of the
home good constitutes an additional state variable and capture the relative importance

of the domestic economy in the world economy. Following Sauzet (2022), we explicitly

have: v
Ht
= 4.16
st Y+ Yry ( )
Its law of motion can be expressed as
dyr = yi(1=yo) (u? dt + (o} )’dBt) (4.17)

Y Y Y Y Y Y (Y Y
where i} = wy — wg — (0 — 0p) (yrofy + (1 = yi)of ) and 07 = (03 — 03 ).
Stochastic discount factor. In the world economy version of our model, markets are still
dynamically complete. As such, we can now define the stochastic discount factor in terms

of the global numeraire as follows:

dg

= —T’tdt — ngBt (418)
Gt

where 0; is the vector of market price of risks. The

dE , _ . N
Snt i — ( i )/ dBL, = —rdt — <9t + ik + (xlcpt) dBi .. (4.19)

i
n,t

Investor optimization. The investors choose consumption and investment plans so as to

maximize his lifetime utility subject to the static budget constraint. This choice problem
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is very similar to closed-economy version except for the introduction of price level and

consumption good basket. We formally have:

max IES/S e~ (pHm)(t=s) log(chlst)dt (4.20)
s.t. e /S e =S Pyl dt = & 4.21)

Taking the first order conditions of this problem and rearranging in term consumption

of the newborn gives:

i
i —o(t—s Cn,s Pn,s
Cnst = Cnyss (e el )Ci,t Pn,t) : (4.22)

Consumption shares. The new definition of consumption shares now takes into account

both the origin of production and the residence of expenditure. Let xfm,t be the share of

good n consumed in country m at time t by all the generations alive given by:

_ VZ f—oo e rr(t S)C;ﬂn,stds (4 23)

i
X =
mn,t
Yn,t

As such the new market clearing conditions are Y., <y ry Yic{rc,p} x;',m,t = 1 and the

following lemma characterizes the process dxj,,, ;.

Lemma 3. In equilibrium, the consumption share of type-i agents follows the diffusion process
given by: |
dx;nn,t _ i,x i/x /

i _ :umn,tdt + (Umn,t) dBt/ (4.24)
xmn,t

where

/, Y YN\ Y ' ‘ ' YN/ i
P =Tt — 0 — Hy — P‘Z,t + (o) o + ( ;n,t)/(aﬁ,t — ) + (O — ‘Tr’z?,t —0y) (B — ‘Tr;z?,t)
Pn,tYn,tx;mlt

Y

ix _pi P
Umn,t _em,t Un,t Oy -

A few comments are in order. First, the evolution of consumption share in open econ-
omy includes all the different channels present in the closed-economy. Second, the open

i

economy features operate through changes in the terms of trade. In fact, the drift of x],, ,

24



depends on the final good prices through the terms yﬁ’t and aﬁlt, which depends in turn

on the term of trade.

In line with Section 3, each investor’s policy functions are still linear in their wealth,
stemming primarily from the household preferences specification; see Lemma 4. The
hedging demand of the portfolio investment is however now country-type specific and

impacted by term of trades movements. We clarify this channel in the next paragraphs.

Lemma 4. In equilibrium, the optimal consumption and investment in the risky assets are linear

in wealth

¢ 4 =(p+mw
:1,st (P . )_1n,ist 1. (4.25)
lpn,st :((Ut ) ) en,twn,st
Market price of risk and terms of trade. Given the evolution of consumption share
summarized in Lemma 3, we can apply Ito’s lemma to each good market to obtain the
market price of risks and risk free rate. The following proposition reports the results of

this procedure in the open economy context.

Proposition 4. For all n € {H, F}, the equilibrium market price of risk and the risk free rate are

given by:

0 :‘73 + 0-5,1‘ - szfnn,tﬂ;in - sz;m,t“igbf/
m m

=0+ +ph, — (0p) oy — (0} +03) (6 —0yy) (4.26)
S Y
= 22 X (B e) 1 + n(l - ok Pl "’f), Vn
m i ’ ’ Pn,tYn,t

Proposition 4 establishes that the short term interest rate and the market price of risk
both take the same form as in the closed-economy. They state that these equations have
to hold for home and foreign country because the same stochastic discount factor written
in terms of numeraire good is used by both domestic and foreign investors to price assets.
For this to happen, the good prices, and thus term of trade, will also adjust in response to

shocks. The next proposition describes the term of trade processes.

Proposition 5. The terms of trades, g, follows the diffusion process given by:

% — uldt + (o7)'dBy, (4.27)
t
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where

of =afj — o - ZZ Xttt = Kb, ) — 3 9 (Xt — X )0 (4.28)

mo i
and the drift, u!, is given by equation (C.13) in the appendix.

Intuitively, the diffusion coefficients of the term of trades, o/

, is time-varying driven
by the average of beliefs distortion drifts, 7,, weighted by the difference in type-specific
consumption share between the two countries, see equation (4.28), which all depends in
turn on the shorting fees and asset prices. Hence, shorting fees influence the evolution
of the relative price, which feeds back into asset prices. Beliefs distortion heterogeneity
thus interacts with participation in securities lending and borrowing activities to produce
terms of trade movements. Expanding the diffusion coefficient of the term of trade sheds

more lights on each of these forces. We have :

i i m. i

N N

‘7ng - (Z(XIHH,t - leF,t)WﬁH + Z(X%H,t - x%F,t)’ﬁ:H) —PH ZZ(xan,t - x;nF,t)‘X

i

J/

q Beliefs heter?)geneity effect Short selling effect

oy = . . . . . .
—0fp — (Z(xﬁH,t — Xy e+ ) (XEp — xFFt WFF) ‘PFtZZ mH,E — XmE )%

i i

(. J/

J/

Beliefs heter(;éeneity effect Short selhng effect
(4.29)

Three key insights emerge from this expansion. First, the equilibrium term of trade de-
pends on the within-country heterogeneity in wealth and consequently in consumption
shares. Second, an active short selling market amplifies the effect of shocks on terms
of trade. To see this, since ¢ > 0.5, each investor prefers relatively more their domestic
goods compared to foreign ones so that the term x/,,, — xi,,, > 0 with n different from .
It then follows that d0{},/9¢r; > 0 and 90}, /d¢r; < 0. Third, when short sellers are
not too wealthy, the sign of the diffusion coefficient are as follows: ¢j;, > 0, o}, < 0.
In this case, a positive domestic productivity shock leads to deterioration of home terms
of trades. Symmetrically, a positive foreign shock improves home’s term of trade. Intu-
itively, this standard result follows from the fact that a positive shock increases the supply

of domestic goods and lowers domestic prices relative to foreign prices.

Open economy shorting fee and short interest. We complete the characterization of
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the equilibrium by solving for the shorting fee of each country stock that clears the short
selling market. To this end, we proceed exactly as in the case of the closed-economy model
to replace open economy portfolio holding summarized in lemma 4 into the the short
selling market clearing conditions. The next proposition summarizes this procedure and
expresses the short selling fee and the short interest as function of wealth to ease notation

and to highlight the similarities with the closed-economy version.*

Proposition 6. In the costly stock short-selling economy with a constant disagreement,

1. the shorting fee is given by:

nt+2m Zz mttx 77111111

Pt = — Z"Z;l kit (4.30)
mt i
Do L o
2. the weights are
wfn,t";i — ytxfnl—]{,t“i "‘ (1- yt)thfwl?,t‘x; . (4.31)
Yeljwd v Y Xy o + (1= ye)qe X xp o
3. the vector of short interest is given by:
Y+ (1= yo)qe,
S = -y it — mELgl (4.32)
m q

Proposition 6 reveals that the same transmission channels underlying the closed-economy
are present in the open economy. All else equal, an increase in the disagreement param-
eter A or the decrease of the market price of risk loading on the domestic shocks 0y ; all

contribute to increase the domestic shorting cost, ¢ ;.

4Given that consumption-wealth ratio are constant for each investor, an alternative expression of
the group-specific wealth expressed as function of relative supply and consumption share is (p +

. -1 . .
”)wiz,t/q;’) Yo Yot = YeXypy + (1- yt)th;P,t'
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5 Estimation

5.1 Data and observation equation.

We estimate the model parameters with maximum likelihood methods using indus-
trial production as proxy for the output, MSCI indices to measure stock market returns,
utilization rate or shorting fee as the measure for short-selling activities and bilateral spot
exchange rate. We take the United States to be the home country and the Eurozone rep-
resented by Germany to be the foreign country. We focus on the Eurozone because the
Euro is the second most liquid foreign exchange markets coupled with an active security
lending market. The sample spans July 2006 to September 2020 to be consistent with the
time periods used in for our motivating evidences. We formulate our structural model in

state-space representation with observation equations given by:

log(RERt/RERt_l) :ﬁq + ‘I/l? + O.O,qO?
log(Relative_output;/Relative_output; 1) =y + (1 — yf)yf n OﬂlyOty o
Excess_returns; =fi° 4 07 0; + (0°°) 0

log(Utilization_rates; / Utilization_rates; 1) =UR + B(SI; — SI;_1) + (¢>"") o}

where o; = (0f, (0f)’, (0¥7)")" is a vector of measurement errors associated with relative

output growth, excess returns, utilization rates and expected exchange rates changes data.
The relative output series construction mirrors its structural model counterpart computed
as IPys:/(IPyst + IPpeuy). The equity excess returns are the difference between the
MSCI equity returns and the US one month T-bills. The utilization rate and real exchange

are the same series used in section 2.

5.2 Maximum likelihood estimation by iterated filtering.

Our model’s nonlinearities prevent us from directly applying the Kalman filter to de-
termine the likelihood of our state-space model. As an alternative, lonides et al. (2006,
2011, 2015) introduced the iterated filtering method for nonlinear state-space model in-
ference. Iterated filtering is characterized by two key elements: (i) converting all fixed
model parameters into time-varying parameters, represented as random walks, and (ii)
estimating likelihood using a particle filter. This method involves a series of recursive fil-

tering operations that ultimately converge to the maximum likelihood estimates of the pa-
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Table 1: Maximum likelihood estimates

Baseline « = 0.001

Parameter

MLE Lower CI Upper CI MLE Lower CI Upper CI
« 0.882 0.844 0.976 0.001 0.001 0.001
A 0.495 0.355 0.497 0.074 0.074 0.457
0 0.104 0.090 0.533 0.003 0.000 0.003
[ 0.988 0.961 0.994 0.539 0.523 0.690
Ann 0.015 0.000 0.115 0.005 0.005 0.023
Arg 0.129 0.035 0.419 0.020 0.004 0.020
Apr 3.026 2.572 3.791 0.155 0.001 0.155
Afr 0.173 0.046 0.647 0.197 0.000 0.197
ol 0.189 0.032 0.343 2.930 0.107 2.930
Ohr 2.040 1.636 2.162 0.806 0.028 0.806
il -4.540 -5.119 -2.950 -0.607 -0.607 0.207
Y 0.009 -0.013 0.009 -0.642 -0.642 0.003
i 1.140 0.509 1.833 -3.641 -3.641 0.018
i3 1.004 0.538 1.576 -3.703 -3.703 -0.029
ury -0.074 -0.349 -0.074 0.129 -0.130 0.129
urp -0.055 -0.285 0.032 -0.053 -0.151 -0.053
B 4.275 2.368 6.119 -2.954 -2.954 12.282
Br 7.560 5.261 8.273 -1.295 -1.295 15.390
oY 0.019 0.016 0.020 0.018 0.017 0.019
o1 0.072 0.070 0.078 0.090 0.090 0.093
oy 0.074 0.070 0.109 0.086 0.086 0.178
oy’ 0.080 0.059 0.081 0.075 0.075 0.155
oy 0.194 0.170 0.248 0.183 0.143 0.183
o 0.202 0.200 0.265 0.280 0.204 0.280
logLik 2517.875  2514.987  2517.875 2456.920  2453.821  2456.920

rameters. The details iterated filtering method are incorporated into the pomp R-package
(King et al., 2016).
5.3 Estimated parameters.

We calibrate the home bias parameter, ¢ and the random death probability, 77, given
that cannot be separately identified given the structure of the model. We set ¢ = 0.85 cor-
responding to standard value in the literature and follow Garleanu and Panageas (2015)

to set T = 0.02. We estimate the remaining eleven parameters.

6 Conclusion
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A Additional empirical results

Figure 3: Responses with different estimator
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Notes: The figure plots the exchange rate responses, 8, in equation (2.3), to a 1% increase in financial intermediary networth shock
by Ottonello and Song (2022) at month ¢. The responses are driven by cross-country variation in utilization rate. Utilization rate are
demeaned and standardized so that units are standard deviations. The x-axes show the horizon h (months). The vector of controls
includes 12 lags of forward discounts, gold prices returns, oil prices returns, MSCI returns, 10-year government bonds yields and
inflation differentials. All controls are standardized. The sample period is from July 2006 to September 2020. Shaded area are the
90% confidence interval.

Figure 4: Responses with different standard errors
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Notes: The figure plots the exchange rate responses, B, in equation (2.3), to a 1% increase in financial intermediary networth shock
by Ottonello and Song (2022) at month ¢. The responses are driven by cross-country variation in utilization rate. Utilization rate are
demeaned and standardized so that units are standard deviations. The x-axes show the horizon h (months). The vector of controls
includes 12 lags of forward discounts, gold prices returns, oil prices returns, MSCI returns, 10-year government bonds yields and
inflation differentials. All controls are standardized. The sample period is from July 2006 to September 2020. Shaded area are the
90% confidence interval.

B closed-economy model proofs

B.1 Proof of Lemmal

Proof. The proof of this lemma consists of applying Ito’s lemma on the consumption share

definition,

o - L
i vt [T e (P+”?(t S)cglségds’
Yté;
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using the definition of the stochastic discount factor processes, (3.14) and the endow-
ment processes (3.2). To do so, let Ui = (Y;&)~! and K! is such that x = KiU!. Then by

[to’s lemma we have:

d&? = <rt —u¥ F o+ 00— oY — 17’)) dt + <9§ — 0Y> dB;
i i

dét _ (mfi;:;i —(p+ n)) dt
i _aKi _auj ®)
o Koo U

— Kmﬂ' Gt _ (o + ) + pi; t) dt + a{,tdBt]

Yix; ' ’
=ul*dt + o dB,

B.2 Proof of Proposition 1

Proof. Market price of risk. The use of consumption share of each type of households as
a state variable delivers a clean and transparent proof for asset prices moments. In partic-
ular, given the market clearing conditions } ;s ¢ ) xi = 1 we deduce that in equilibrium,
by applying the Ito’s lemma to this condition yields } ;c ¢y dx; = 0 so that the drift and

volatility must be zero. Using the restrictions of the diffusion gives:

Y X =0=6=0"— Y xpi-¢ Y xa (B.2)
ie{l,cb} ie{lcb} ie{lcb}

Interest rate. ~We next plug this back into the consumption share process to find the

diffusion term given by:

o =g Y xiniJr(Pt(“i_ Y xf;(x") (B.3)

ie{lc,b} ie{lcb}
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¢r < 2 = ol <o < ol”
7 b/ e’
%§¢t<% = o <o)”" <o" (B.4)

c,x l,x b,x
¢ > = a)ay =0, <07 <oy

We next solve for the risk free interest rate by using the restriction on the drift term:

Y, xuyt=0

ie{l.c,b}
; (B.5)
Y _ Y i igi iCtt
=Sre=p+p — 00— Y, xlfi+m 1- Y. vy
ie{l,cb} ie{l,cb}
Consumption-wealth ratio. The total wealth of an agent at time f born at s is:
w’t:]Et/ e~ t(:”csudu
t ¢
i * —m(u—t) ou itcéu
— L [ e u (B.6)
f Ch ch
Co.t . . :
=—— U the FOCs (3.18) and integrat
Py sing the s (3.18) and integrating
Price-Dividend ratio. The group-specific total wealth will then be:
. oot .
wh = v / e "=l ds
= v /t ve V3)cl s (B.7)
Y + 7T J - & ’
thi . N i
= Using the definition x}, (B.1)
P+
Combing the bond and stock market clearing conditions gives:
Yix
Y wi=8 = ) f%;r (B.8)
ie{l,cb} ie{l,cb} p
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We first apply Ito’s lemma on both sides of this last equality to obtain

0P =o¥ (B.9)

B.3 Proof of Lemma 2

Proof. The fact consumption-wealth ratio is constant (B.6) implies that ‘Tziv,s,t = Oé/s,t. We
applying Ito’s lemma on the consumption first order condition (3.18):
dct dét
fizcnmw_%. (B.10)
Cs t G
Matching the diffusion terms of dcélt and the budget constraint gives:
. 9;’ :
Por = _Swé,t (B.11)
0t
O

B.4 Proof of Proposition 2

Proof. Short-selling fee. We solve for the short selling fee using the short selling market
clearing condition. We rewrite this condition in term of group-specific wealth, (B.7), and

the the optimal portfolio of each type of investor in proposition 2 as follow:

Zﬂwﬁzo (B.12)
1
We finally expand the expression above and solve for shorting fee to have

1 A
¢ = m (F(xﬁ7 — ocxf) — Gt(xi’ + zxxf)) (B.13)
t t

Short interest. By definition the fraction of outstanding stocks shares held by all short-
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sellers is given by:

t
=—(1 —1/)/ e~ =) Lyl ds
—0o0 Oy

o (B.14)
= Lyl

o7

00 Yixb

o+

[

B.5 Proof of Proposition 3

Proof. Simplified consumption share process. We will start by solving explicitly for
the dynamics of consumption shares by substituting out the equilibrium interest rate and
market price of risk in equation (3.22) back into equation (3.20) to have:

dxt ‘ '

x—{ = uy*dt + 0, dB; (B.15)

where

. . . . . i
= 6= o6~ 1 = o)+ oalgr o 1) (.16
t

iX __ pi Y
o =0 —0".

Cit (o + ) w s
= 0 7 " — 5 B.].7
Y, Y, (B.17)

Closed form expression of shorting fee. In proposition B.4, the short selling fee is
written as a function of the market price of risk ;. We can further simplify this expression
and write it only as function of the consumption share process. To do so, we recognize
that the market price of risk and the shorting fee are solution to the system of equations

given by the short selling market clearing condition and the expression of 6; in equation
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(3.22). This system is given by:

ot th 216 th(x =—Y xja'y’
i

. (B.18)
Pt thuc +6; =0 — mel.
1 1
Solving this system of equation for (¢, ;) yields:
— L xjaly' — ¥ xga! (‘TY Y xi’f) — Vi (inij x@) =’
"= L xp(af)? — (L xja)? - ol i) i
Y — — X |a
IWEAY (B.19)
¥ xp(a)? (UY Y xi’f) + L xjal Y ey
0 =

Y xp ()2 — (X xpat)?
NOte that: hm(x?,xf)ﬁ(o,l) 4) llm(x xt) (1/0) ¢t = —0 < 0.

Shorting fee process. In this section and without loss of generality we will solve for the
normalized o7 ¢ given that the volatility is constant. We can apply the Ito’s lemma to the
closed form expressions of both the shorting fee and the market price of risk ¢;(x?, xt),
0;(x?, x*) using the dynamics processes of consumption shares, x! to find the diffusing
term of d¢;. We have:

dgr = Y P
ie{t,b} 0x;
_ 4)1‘ o ix 0Pt i ix (B.20)
=) ] xpptdt+ ) —xat dB;
z’e{é b} 9x ie{t,b}

Proceeding in a similar way we can find the drift and diffusion terms of df; = ufdt +
c?dB;. Exploiting the implicit function theorem, we can differentiate the systems of equa-

tions (B.18) with respect to x! and obtain the following system of four equations and four
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a(Pt aﬂt
xi’ oxi

):

unknowns (4

9P:

00,

FYe (x?+(x2xf)+ﬁ(xi’+axf) =~ — ¢t —
t t
dP; 20, 2A
a;g(x?‘f'“xf)‘Fa—ﬁ:ﬁ—qbt
B.21
L B N N S N A 0 (B2
W(xt +a”x;) + W(xt +ax;) = _“(_y+“4’t+ t)
t t
9y 90,
9 e( +0‘xt)+a—xf = —ad;

The next steps consist of substituting these partial derivatives back into the diffusion
term. We have:

d0;
of = Z tat”‘a ;
ie{¢,b}
b, 2A o ¢
x}o, x(_y — ¢t — 8¢b (x} +“xt)) +xfo) (‘ apr — (P (xt +‘th)>
2A
b (25 ) ol (=) = o ) (xtafx;”; +xjot* 50 )
t/ (822
2A
:xfatb'x (F — qbt) + xfaf’x < — ocgl)t) — 2V + tXXf)O';p
— o} (a:fx )+ afof (77 = %) = (o + ot
_ b Lx\ 6x\2\ _ (.b AP
—o7*  xj o) + xjoy’ xt(‘Tt )2+ xf (o)) (xf +axy)oy

where we have substituted the second and fourth equation of (B.21) to get the second line,
used the expression of Uti’x to get the fifth line. We finally exploit the identity } (. s 5} xiati’x =
0 to have:

o = = (P R ) - v B2
This last equation expresses ¢f as a function of O’EP . We now use the same techniques by
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exploiting the remaining two equations of (B.21).

00

0 __ iix %Yt

oy = E X0y F
xt

ie{(,b}
b bx ¢ Ax
Xt 0y A 9Pt ¢ ) X0y’ ( wA 2 Iy )
=0ty — P — O — (5 taxy) | + 5| — = — &P —ab — Xl + ax
Xt-|-lXJCf( Y 4)1‘ t ax?( t t) Xt-|-06x€ oY (Pf t ox g( t t)
b bx ¢ Ux
Xt 0y Y Iy ) xXi0y’ ( 9Pt Z)
=t (o o (a4 ax —2t(wo’ 4wt + (x4 ax
Fr (e St ) - S o S )
Y 2.0
o b 0 bx 1 <b bxn2 L ot m) X +alxf o
=— —(xlo/  +ax;jo;" | — —— | x{ (0 + ax; (o, St SRR 37
ey (et el ) = o (e o) - B
(B.24)

where we have substituted the first and third equation of (B.21) to get the second line,
used the expression of ati’x together with the expression of 0; in (3.22) to get the third line.

This last equation gives another expression of ¢¥ as a function of (be .

af<x?+axf>=—aY(xfat +axto-fX)—(x?<af"‘> +ocxt<an>) (<! + 23 )o?
(B.25)
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Solving the system of equation composed of (B.23) and (B.25) for af and Uf) gives:

9 (x§+axf)((x,%(afx) +axt (ol ))+(7 (x?at

ool )) — (x4 axf) X xi (0}

"o (< + a2x]) — (] + ax])?
() (il (024 0 Kol ) = (K@) Kl
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After some tedious but straightforward algebra we can also show that:

apr (5 — ¢t —6) — (3] +axp)(25 — )

oxl (xb +a2xf) — (xF + ocxg)2
06, _(x?—kzxzxf)(Z%— o) — (& 0r) (x? + axt)
oxf xb 4+ a2xf) — (xb + axf)?

t e B t) (B.27)
;s _afPt(xt +axf) — (& +agi +6;)
ox;{ (xf + a2xf) — (2] + ax{)?
30 (g +ag+00) (] + ax) — gy (xf + a’xy)
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[

C Open economy model proofs

C.1 Proof of Lemma 3

Proof. We start by substituting the expression static consumption allocation (4.3) together
with the first order conditions (4.22) back into the definition of xfnn,t and simplify to ob-

tain: . '
vl f (o7 )Emnczn,sspm,s(f%,sds

Pt Yn Gy g

We finally apply Ito’s lemma to this last expression using exactly the same procedure as

i
xmn,t -

(C.1)

in the closed-economy model. Let Umnt = Pu }Ynt (¢, )_1 and K’ mn.¢ 18 such that xmnt =
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mn,t mn ;- By Ito’s lemma we have:

dui , , ,
= (= e @) o A (03,00l = i) + (O — 0y — ) (B — ) )

mn,t

. !/
+( ;,,It—ap —O'Y) dB;

dK! . P, it
e — nvlsmnM —(p+m) | dt
Kmn t pn,tYn,txmn,t
dxfnnt _dKi nt du;inn,t
x;rznt K;ﬂnt u;nnt

_‘umn tdt + ( rlnfz t)/dBt

ix emantcm tt) Y 4
X —p— g1 I ) Y
an,t P < Pn,tYn,txmn,t Vn yn,t
Y Y j i j Y i
+ ()0 + ( ;n,t)/(o—rlzj,t — ) + (O — 05,t —0) (031 — Uﬁ,t)r
t —6 —o

nt n-

C.2 Proof of Proposition 4

Proof. Market price of risk. Applying to the market clearing condition in each country,
Yo i x;m,t =1lgives) Y dx;m,t = 0. We next match both the drift and the diffusion of

the this last equality and obtain system of two equations given by:

zzx;n,ta;f;,t =0
Z Z xmn t:umn P

(C.2)

Using the results of lemma 3 we solve the first equation of this system for 6; to have:
Or =03 + 0 = ) Xyl — 2 D Xy g'pr, (C3)
m i mo

Interest rate. We next move to solve the second equation of the system for r; using

a combination of definition of the individual-specific SDF and the short-selling market
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clearing conditions. The different steps are:

szmntymnt =0

I
s rimpet (1= D Vew B} ity (o))
i n, n,

m

- szfﬂn,t |:(9£n,t),<0—5,t — 1) + (911'11,15 - ‘Tﬁ,t - UJ)'(Q%» - aﬁ,t)] Using definition of ant in 4.24
m.

t
<=>rt=p+ﬂ<1—221/ L m”>+u5+ﬂﬁ,t—(05)’mf

t

- szinn,t [(%,t)/(aﬁ,t — i) + (9;1,t - Uﬁ,t —0oy) ;nt:l Using eq. C.2
i
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= pt (1 D e ) 4, — (0} o)
i n, n,

m

= E X | (00,) s — o) By rearranging.
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m. i
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t
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In conclusion:

=+ py + ph —0i(ch  + o) + (oh ) oy

- T O (1= D e, 5B ), v
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(C.5)

Simplified consumption shares. We substitute these expressions of r; and 6; back into
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Term of trade. We leverage the results of proposition related to the market price of risk,
0; and the interest rate, r; to find the equilibrium real exchange rate. Given that these
expressions holds for all 1, we have that:
y S S
0y =0 + Ug,t =YY X — XY X X
mo g mo
i p ] [ ] ]
Or =08 + 0 — Y ) Xl — D 0 X 1
m moq

(C.7)

Taking the difference of these two expressions gives:
p p , , , , .
Ut =T = UH UF ZZ XHt — Xmp )M — ZZ(x;nH,t — Xpp )0 Pt (C.8)
mo

In order to identify the drift and diffusion term of the real exchange rate, we apply Ito’s

lemma onto the definition of q; = %:
dqy
qqt (VFt ‘ulril,t - (Uz,t)/(ag,t - OIZ,t)) + (Ug,t - UI;:I,t)/dBt (C9)

Matching the diffusion terms of this last expression with that of (C.8) yields:

of =0l —of — ZZ mHE — XmE )T ZZ mH,t — fnp,t)“i@ (C.10)

To find the drift term of the real exchange rate, we evaluate ¢, in equation (C.5), respec-

tively at n = H and n = F and take the difference of the resulting equations, rearrange
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them to have:

0 =pf — pp+Hpy — iy — (0)'(0f, — ofy, +0F —op) + (0p,)'of — (of;,) o

1 j EmF EmH
— 7T VZP Cl ( m _ >
;;2; it PeEtYEt  PHtYHt (C.11)

- ZZ(xan,t - xan,t)“l( m,t)/()bt
m g

An examination of the above equation shows that it depends on ¢! , which can be elimi-
nated by exploiting the price normalization of the global numeraire pp; = qffl, PEr = q] -

Applying Ito’s lemma yields:

dp”;f :(<¢ ~1 50— 1)(g - z><a?>’aﬁ)dt+ (9= 1)(cf)'dB,

1
i =(¢ = Dpl + 59 = 1)(@ —2)(c)) o}

ol =(p — 1)o7
d b=(p—1) ; (C.12)
—pp;t = (w? +59(¢ — 1)(Uf)’tff>df +¢(c})'dBy

1
Hry =oui + 59(9 —1)(c}) o

po_
Upt =0y

Using the above expressions of the drifts and diffusion terms of dp,,; together with the

initial wealth of the newborn we finally have:

= i~ i + (1= el + (0 (] + 0¥ — o) — (o (gt + (1~ gl
4 n(sy% B (C]t(l - ]/t))z
qyt(1 —yt)
- ZZ(XinH,f — Xpup )0 (O )
Mmoo

(C.13)

Simplified market price of risk. To simplify the market price of risk vector, we start
from the equation characterizing the numeraire price index, (py;)?(prs)!~¢ = 1, apply
the Ito’s lemma to both sides to find a restriction on the diffusion terms given by o7}, +

(1- 9”)‘75; = 0. Hence, we multiply both sides of the first equation in (C.7) by 1 — ¢ and
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the second by ¢ and add them side by side to have:

0 = o+ (1— ¢ ZZ Pxbypgy + (1= @)Xbp ) 1
o (C.14)
- ZZ (meH,t + (1= @)xy,p )0 Pt
m g

Consumption-wealth ratio. Under the objective measure, the total wealth of an agent at

time t born at s and residing in country 7 is:

. o0 P .
w;z,stZIEt/t e~ (=) "’ugucl du

n,su
Gt
: 00 Py & c
_ 1 —7(u—t) - n,u Su “n,su
= Pycly oy / e ) S Sy (C.15)
t nt gt Cn,st
Pn tcnst

Py Using the FOCs (4.22), and integrating

The next step consists of finding the group specific wealth share. We start by swapping

indexes and substituting out the static consumption allocation budget constraint to have:

wmst_p+ﬂzpntmnst
.ot .
v / e~ ™Sy W, ds = Z/ ne*”(tfs)pn,tc;m,stds, By aggregating
—0 P+ 5
1 (C.16)
Wy, p = 2 Xy iPntYnt, By definition of x,,, ,
+ 7 ; ;
T =i+ (1= 9
t n tn,t

This last equation shows that the wealth of each investor in our log economy is entirely

determined by consumption shares, x!

qt-

relative output supply y; and the term of trade

mn,t/

]
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C.3 Proof of Lemma4

By virtue of the constant consumption-wealth ratio we have:

i pn,tch,st dwfi,st . d(P”'fcfi,st)
Wy st = T = i _ P, i
© Wy st ntCh st (C.17)
(wil;,st)lof P ic o \/ .
= ———— = (O +0)/)
wn,st

where the last implication arises from matching the diffusion term of the dynamic budget
constraint in the LHS and applying the g Ito’s lemma to the RHS. Applying Ito’s lemma

to the consumption first order conditions (4.22) and matching diffusion terms gives:
ob oS, =0l (C.18)

We finally replace this last expression into (C.17) and rearrange to have:

lpiii,si :((‘Tts)/)fleja,tw;,st- (C.19)

C.4 Proof of Proposition 6

Proof. Short-selling fee. Exploiting the results of lemma 4 allows to rewrite the two

short-selling market clearing conditions compactly in matrix form as:
(o)) Zzwfn,t“ig;in,t =0= Zzwfn,t“igiin,t =0 (C.20)
m m

where the first row of this equation corresponds to the domestic short-selling market
clearing condition and the second its foreign counterpart.” The second equation above

S

holds when the volatility matrix, 07, is invertible.

We rewrite this system using the definition of O;ﬁ,t in equation (4.19) as:

Ot Y Y W + Y Y Wy & by + P Y Y Why y(@)? =0, (C.21)
moi m. m g

>If the two goods and stocks markets clear, then the bond market automatically clears by Walras law.
This bond market clearing condition is explicitly given by Y, pu¢tYnt = (0 + 77) ¥, Su z-
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for any country 7. Solving for ¢, ; yields:

n t Zm Zz th + Zm Zz t“iﬁiinn

47n,t - -

Yo i w e (@)?
+ in, f'x i (C.22)
_ nt ZmZz Zkzj r 17mn
wm t"‘ ;
I Ly

We next exploit the group-specific wealth in (C.16) to write the weights as function of

consumption shares given by:

i i i i i i
wm,t‘x o ytme,t(X + (1 - yt)qfme,t“

YrXiwp )y X K X 0 + (1= ye) g o xpp 00

(C.23)

Short interest. By definition, the vector fraction of outstanding stocks shares held by all

short-sellers is given by:

Slt:_2¢1€1,t:_z 2)) e, twmt
! p (C.24)

o+ (0F)S=—Y ]/txf%H,t +(1- yt)thzu-",t
i

Zn Yn,t N m q}iq)

b
em,t

C.5 Planning problem

In this section, we solve for the stock price volatility using a planner’s problem.
Planner’s objective. We assume that the world planner maximizes a utilitarian welfare
function with constant weights w!, on lifetime utility of type-i investor in country n and a
discount rate p,, for each generation within a country. As such, the planner welfare trade-
off weighted lifetime utility across countries, types and generation. The social welfare at
date t = 0, following Calvo and Obstfeld (1988), is thus given by:

.. oo t )
=Eo)_ ) vlw;/ {/ e Prse= (PH)(E=s) log(c;, 4 )ds | dt. (C.25)
noq 0 - ’
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The term in square brackets represent aggregate welfare across all generation of type i in

country 7 at time f. Replacing the term ¢t — s by age denoted by a, V becomes:

Vo = Eo ZZviw;/O e‘PPt{/O e~ e~ P=Pr)0 log (!, )da|dt. (C.26)
o

Planner’s optimization. Optimizing directly Vp poses some challenges as it involves
double integration. To overcome this issue, Calvo and Obstfeld (1988) proposes a two-
steps procedure. The first step solves a static allocation of a given level of consumption

across generation. In our case, this problem amounts to solving:

max vilEo/ e~ e~ =) log(cl . )da (C.27)
0 ,

i
Cn,ut

. o . .
s.t. v/ /0 e~ ¢y, yda = ¢ (C.28)

We consider the case where p = p, so that the social planner puts equal weights
on all generations and do not have an incentive to change the consumption planned for
the unborn after their birth. The optimal allocation therefore corresponds to an equal
distribution of consumption across all generations irrespective of age at time t. Equipped
with these results, we can now solve the dynamic allocation problem while abstracting

from intergenerational considerations. The second step problem is formally given by:

max IEOZZCU;/ e*ptlog(cfilt)dt (C.29)

Clnm,t n i 0

st. YN ey =Yur, Vne€{HF}; (C.30)
mo

Letting v, + the Lagrange multiplier on the resource allocation constraint of good n and

taking the first order conditions leads to:

€gmwt e Pt
[Ciﬂﬂ,t] : nmi . = Ym,t
Cnmt (C.31)
[Ynt] : chinn,t = Y
o



Solving for the consumption allocation gives:

i
i Wy€nm

C =Y, C.32
it Yok i WiEkm " (C.32)

Stock price. We replace the expression of optimal consumption allocation (C.32) into the

first order conditions (C.31) and use the fact vy = pu ¢ and yr s = prC: to have:

ot Lk Li WiEkH ot Yok 2i WiEKF

=e
2 PHYH, pPriYrt

(C.33)
We normalize the arithmetic average of the price of the global numeraire to one (Pavlova
and Rigobon, 2007). That is, we assume that ¢pp ¢ + (1 — ¢)pr = 1. Using this normal-

ization and the definition of q; we have:

1
PR =0 (1= )i

The stock price can then be expressed as:

« guPH,uYH,u du
Gt

o) P
:PH,tlEt/ e_puwdu By equation (C.33)
t t

t
= LGE B tion (C.34) and (C.33
= olo T (= )ar) y equation (C.34) and (C.33)

1

“plp+ (1—g)q)

SHt =pH,E; t

=pPH, €

We apply the same procedure to have:

qt
o(e+ (1—9)qt)

Spt = YE (C.36)
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Stock price volatility. Taking the logarithm on both sides of equations (C.35) and (C.36)

gives:

log Sy, = —log(p(¢ + (1 — @)qt)) + log Yp +
log S+ =logq: —log(p(¢ + (1 — ¢)qt)) + log YE .

We next apply Ito’s lemma to these equations to have:

I-¢ dYp t
d 1- dy,
legSFIt :()dt.'.ﬂ _ ¢ P+ F,t

Matching diffusion terms yields:

1—9)q:
HET o+ (1—g)ge ' 1
1—¢)q:
o2 :(1——( L )Oq—ﬂrY.
F p+(1—g)q/) ' F

g e+ (—)g T Ve

(C.37)

(C.38)

(C.39)

If we normalize the global numeraire using the geometric average as before we have:

Ufl,t =(¢ - 1)‘7? + UIE

S _ 4 Y
UF =@0; +0r.
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D Model summary
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Table 2: Open economy model summary

Object Equation
Technology and preferences

Output d}};"t‘ = pldt+ (oY) dBy, o} = (0};5,0), of =(0,0%F)

-1 Enm
Expenditures Cﬁm st = Enm (?;’:t') cfwt, Put =T1, (E:in’) , E€m=¢€ €Ey—n=1—¢
Terms of trade gr = %

% = yldt + (o) dBy
o -1
Normalization (pu)?(pe)™ =1, pmi=4q7 ,pre =4
Assets
Stock returns dR, ¢ = yn (At + ( ) dB:, dR; = pdt+07dBy, = (;4157”, yg,t)’, 0P = ((Tglt,al?,t)’
Pricing system

Pricing Kernel % = —rpdt — 0,dBy

Type-i pricing kernel

dg,,
7

n,t

!
= —rdt — (Bf1 )’dB}lt = —ridt — (91‘ + 77+ “i(Pt) dB;,t

nm . .
AT, ifi=1

Uﬂl‘ﬂl
Subjective BM dBL,t =dB¢ —yidt, i, = ﬁT, ifi=c
TR i,
State variables and market clearing conditions
Relati 1 —
elative supply Yt = Y Y5,
dyr = y+(1 = 1) (Vt dt + (o} )'dBt>
o= — FF (‘7}{1)_ of) oy + L —y)oy), of = (of —of)
. lf 77Tt s Clmnsds
Consumption shares x}nn,t Yo :
dx!

Bt it + (013,)/ By

xmn

ix oo i j i
Tyt = i — Zijxkn,th+(“Z_Zkzjxkn,t"‘])‘i’t

ix Yk pk,tyk,t vie / _ix p Y\’ j irnl \/
Pt = 0= s (xmt a 1) + (@t = o) g+ (O + 030) = T K X 00 (B,)' 1
PW’:fCin,tt _ Yk Prt Vit Yk Prt Vit _ yit+qi(1—ys) Yk Pict Yir — yet+aq(1=yt)
Pt Yt ) PuptYnt 7 PHYH Yt ! PEYE qt(1=yr)
Good markets Lo i Xy = 1
Stock markets Yom i lpmn ¢ = Snt
Stock lending market ), Y &'t = 0
Equilibrium
N n — Y Y
Market price of risk 0[1_ Pof; + (1 —@)0f —LaLi (('px;nH,t +(1- (P)x;np,t)%z — YL (@3, + (1= @)x;, 5 ) 0 Pt
ToT vol 0y = UH _(0'1: ) Zm Zl( mHt - x;nF,t)rﬁﬂ - Zm Z:i(x;ﬂH,iL - xiﬂF,i)al(Pt
s _ _ _(=9)q
Stock vol Y e G (rt + (TH
s _ (1-9)g: q Y
%= \1= Grtgn )% O
wioai
971,t+2m Li %U;nn i i
Shortil’lg fee Gbn t= - Lk ):j Wi t® Wi % _ ytme X +(1 yf)thmF t“
7’ - ] i 4 i i
Yo L —w;ﬂfift;l Y Y X w{c/t“j Vi kX ka/t"‘j*( Yyt L xkpt“]
Tk X wk,t'xj
4 i . .
Wealth ;’ili)wn’t = Yi¥ps + (1= Ye)qex,p
q¢ Zm Ym,t ! !
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E Estimation

Let us denote the state vector by:

_ ¢ c b ¢ b ¢ b / c b
zi = (1, Yt XHHt XHH,t» XHH,t» XFH,t» XFH,t» XHF ¢t » XHF,t» XFF,t» XFE ts xPF,t) (E.1)

where we ignored xtp; and xgp, as they could be rewritten respectively in term of

other consumption shares arising from the equilibrium conditions ¥_,,¥;x! .., = 1 and
Zm Zi xinF,t =1

@ = (, 7,6, p, ATH, AFH AFE AHE X o) (E.2)

Observational equations. The observational equations are:

lOg(RERt/RERt_l) :ﬁ‘l + ]’l? + O'O’qO?

log(Relative_output;/ Relative_output; 1) =7+ (1 — yi)u] + c*Yo] E£3)
Excess_returns; =fi° + 07 6; + (%) o

log(Utilization_rates;/ Utilization_rates; 1) =UR + B(SI; — SI;_1) + (¢”*") 0}"

State equations. We discretized state equations as:

1
log(gr+c/q1) =|u{ — 5 (‘TIZ,t)z + (Ug,t)z T+ ‘TIIZI,t\/’_wH,tJrT + U-Ii,t\/%vp,t-l-’f
2

1
log(yre</31) = = | (1= )l = (0= y0) ) + 50— w2l + (e ) |
+ O{IH\/?UH,t+T - UgF\/%UF,t—}—T
: . , 1 . ‘
log (Xt -7/ Ximnt) = {u;’;ﬁa,t 5 ((‘T;fmn,t)z + (‘TlF'jnn,t)zH T

+ U;—’;fmn’t ﬁvH,t+T + 0’;{3;””’1‘ \/?UF,tJFT
(E.4)

where the relevant variables are explicitly given by
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UIYIH - (Z(XIHH,t - th,t)’ﬁiH + Z(XIFH,t - x;F,t)’ﬁ"H) —PHt ZZ(xlmH,t - x;nF,t)al
1 m i

i i

q Beliefs heterogeneity effect Short selling effect
ol = (E.5)
v . . . . .
—Opp — (Z(x}-IH/t — XyE)hE + Z(XIFH,t xFFt ’IFF> (5 ZZ XouHp — mF,t)a]
i i
Beliefs heterogeneity effect Short selling effect
Py — (Z(¢th/t + (1= @)xyr ) Myn + Z(‘PXIFH,t +(1- ?)xlpp,t)ﬂ]FH> —PHt 22(403%1{,: + (1= @)xpp )’
i i i
0 = v Belieifs heterégeneity effect ‘ Short selling effect 4 ‘ (E.6)
(1= )k = (0 + 1= )%hg e + by + (1 00k ke ) 95 T (0% + (1= 9)3he o
i i
Beliefs heterogeneity effect Short selling effect

AHH,AFH AHH,AFH ¢ AHH+AHF AFH b ¢ Vi b b
oY - (X + Xe) + v Xgms T 27[,1/ Xrpe + PH (a— a(xXppy, + xFH,t) = (% + xFH,t))
HH HH HH HH
£,x
O—HHt FF HF FF HF FF HF FF
AFF—A AFF_p ‘ AFFLAHE AFF b ‘ ¢ b b
T T (Yhps + Xhpg) + o, YHHET ZExFH,t + (0 — a(xypyy + Xppy) — (i + X))
(E.7)
_tx
Ofimt =CrH — %Pt
b,
UHJ;If ”HHt 24+ (1 —a)y
HH
fz—f,}ym +(1—a)pp ) (E8)
l,x

=0Hp; + r

A

287 (1~ w)gry)
FF
AHH—AFH AHH+AFH b

! APH p L L b b
B (X + Xe) + ol Ypypy T2 o Xppe T PH (a— a(Xpypyy + Xpp ) — (Xppy + xFH,t))
,x
OFH = (E.9)

AFF_AHF AFFLAHE ) AFF b 0 i b b
o, (e + X)) + T YHH + ngm,t +pre (o — a(xpy + Xppe) = (s + Xpp )

cx  _ Ix
OFH =0FmH, — At

bx
TFf e _UFHt 275 + (1 — )¢

FH
2A +(1—a)prs) (E.10)
l,x HH
=0Fg,; + .
2A +(1—a)prs)
AHHfAFH AHH,AFH ¢ AHH+AFH b b
T, + s (Xgp; + XEp,) + I Xp +245% oI xHFt + pre (& — axfp, + xip,) — (e + 254)
4,x
U.FFt FF HF FF HF FF HF (Ell)
AFE_A AFE_AHF g ATT4a b b
P O (Xpps + Xpps) + X, + 25 Y xHFt + g (o — a(xpp, + xpp) — (e + ¥hpy)
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cx  _ Ux
OFF s =0pp; — &t
bx
OFf =05 = 27 + (1 - a)¢n

—28% 4 (1 - a)gny) (E.12)
Ix HH
=0frs t
AFF
=275 + (1 - a)Prs)
AMH_AFH ¢ AMH L AFH AHH p ‘ 0 b b
T (Xpps + Xppg) + ﬁxmt + ZEXHFJ +n (0 — alxppy +xpp,) — (Xp + XfE,)
L,x
o (E.13)
e AFE_AHE 0 c AFF+AHF b b
e (XEps + XEp,) + xFFr +25 Y xHFt + Prp (2 — "‘(XPH + xHF 0) = (XFpe + XGe,)

cx  _ lx
THF: =0Hp: — 0Pt

b
TFiE ”HFr 27 + (1 — )¢y

—285% 4 (1 )pmy) (E.14)
[x HH
=0t
—285 4+ (1— a)gry)
FF

An,t = szin,taj(e
ko j

AR :sziH,t‘Xj(ekr) P
ko j

¢ ¢ b b 200 0 b b 00 b 00
= <9t (a(xfape + XEpe) + (Kipre + X0pe)) + 0 (08 (hype + Xere) + (s + X)) + 0@ m e — e ) + 70 (0 s — Xy r)) ¢

(E.15)
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